Iteration and Fractals on the TI-82 Calculator
Thomas W Shilgalis 4520 Mat hematics Depart nent
IIlinois State University
Normal, IL 61790-4520 Phone (309) 438-7302

Initial exercises
1. Set the cal culator to radi an MODE
(1) Press COS, then any nunber of your choice, then ENTER
(ii) Now press COS, then ANS, then ENTER (The last entry key, ENTRY
can be used instead; replace the nunber by ANS.)
(iii) Repeat (ii) three or four tines. Wat do you observe?
(iv) Press ENTER another twenty or so tinmes. Wat happens?

2. (1) Enter the expression 1+(1+4) and press ENTER

(ii) Press ENTRY and replace 4 by ANS.
(iii) Press ENTER several nore tinmes. Wat do you observe?

3. (1) Enter the expression (10 + 36+10)+2 and press ENTER

(ii) Press ENTRY and replace 10 by ANS.
(iii) Press ENTER several nore tinmes. Wat do you observe?

You have been sol ving (approxi mately) the equation f(x) = x by iteration
(or feedback), a process in which each output value is used as the next

i nput value. In exanple 1 f(x) = cos(x), while in exanples 2 and 3 f(x) =
1/ (1+x) and f(x) = (x + 36/x)/2, respectively. The nunbers 10 in exanple
3, 4 in example 2, and "any nunber of your choice" in exanple 1, step (i),
are called initial values or seeds. (You nmay have recogni zed exanple 3 as
the fam liar "divide and average" method of approxi mati ng square roots.) A
val ue x* which satisfies f(x*) = x* is called a fixed point of f. Sone
fixed points are stable (or attractors), while others are unstable (or
repellers).

More iterating

4, Now iterate the function f defined by f(x) = ~1+X . Wat is the solution
to f(x) = x?

In exanples 2, 3 and 4 it is possible to solve the equation f(x) = x
explicitly by ordinary algebra; not so with exanple 1, however.
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Solve f(x) = x by iteration when f(x) = eX - 2. There are two sol utions,
one positive and one negative. Only one solution can be found by iterating
f, and your choice of an initial value is inportant. To find the other
solution, iterate the function g defined by g(x) = In(x+2). (Recall that

when x > -2 the equation In(x+2) = x is equivalent to eX - 2 = x.) The two
solutions are -1.84140566... and 1.146193221.... The fornmer is an
attractor for f and a repeller for g; the latter is an attractor for g and
arepeller for f. Verify this by using -1.841 as an initial value when
iterating g and by using 1.146 an an initial value when iterating f.

Now try to solve 2 sin(x) = x by iteration. The solutions are 0 (unstable)
and +1.89549426...(both stable). Can you get themall?

Now try to solve sin(x) = x by iteration. The stable solution O is
approached very slowy.

Now try to solve cos'l(x) = X. Are you having troubl e? Perhaps you chose
a bad initial value. Try .7390851332, which was the solution to exanple 1.
Be patient and press ENTER several times. Nowtry .739. The solution to

cos'l(x) = x certainly exists, but it is unstable.

The equation x2 = 2X (which is a special case of x¥Y = yX) has the obvious
solutions 2 and 4 and a non-obvious solution -.766.... One way to solve

this equation is to find a function to iterate by "solving for x. Taki ng
| ogs of both sides we get In(x2) =x In 2, fromwich x = In(x2)/In 2.

Iterate f(x) = In(x2)/In 2, trying several different initial values. What
do you observe? See what happens if you iterate the nearly equival ent
function g(x) = (2 In x)/In 2.

A different way to "solve for x" produces x = iVZX . lterate r(x) = VZX .
Then iterate s(x) = -\IZX . Make note of your results.
Iterate f(x) = 4x(1-x). Wat do you observe? Try the exact solution .75

as your initial value. Then try .750000001 and .749999999. |Is the
solution .75 stabl e?



Exanple 10 is a special case of the quadratic iterator f(x) = ax(1l-x).
Wien 1 < a <4 and 0 < x <1 the function values are confined to the interval
[0,1], so the feedback process does not produce values that "get away" to
infinity. Since we want to exam ne the behavior of this famly of quadratic
functions for several values of a, it will pay us to enter the follow ng prograns
in the cal cul ator:

Prog: QUADSLOW Prog: QUADFAST
:Di sp "ENTER A" :Di sp "ENTER A"
Sl nput A Slnput A
:Di sp "ENTER X" :Di sp "ENTER X"
lnput X lnput X
:Lbl 1 :0-C
DAX(1-X) - X :Lbl 1
:Disp X DAX(1-X) - X
. Pause :C+1-C
:Goto 1 :1f C < 100: Goto 1
:Disp X
: Pause
:CGoto 1

Run the program QUADSLOWwi th one or two of the values of A given in the table.
Then run QUADFAST on the others. Record your observations.

1>

Initial val ue Long-t er m out put
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In your table you should notice a single fixed point for values of A between 1
and 3. But after 3 a phenonenon called bifurcation and peri od-doubling begins
and continues as A increases toward the so-called Fei genbaum point s. 2

3.5699456.... See Figure 11.5 below ([4], p. 104). Conpare it with the

Fei genbaum di agram on the next page. The first bifurcation value is by = 3. The
next few are bp & 3.449489..., b3z 2 3.544090..., bg 2 3.564407..., bg 2
3.568759... ([2], p- 224). You should have observed the following 8-cycle with A
= 3.55: .50603..., .88737..., .35480..., .81265..., .54047..., .88168...,
.37032..., .82780....Wth A = 3.84, however, you should get a 3-cycle: .14940...,
.48800..., .95944....

The portion of the final-state diagram to the left of the Feigenbaum
point s, is a self-similar fractal tree (see figure 11.5). It describes the
period-doubling scenario of the quadratic iterator, which leads from a
very ssimple and orderly behavior of the dynamics right to the beginning
of the chaotic region. Let us try to understand the mechanism lying at
the base of its generation and leading to the self-similarity of the tree.

The Period-Doubling
Tree

1 L] L] .2 - T T é T T F-

Figure 11.5: The first portion of the final-state
diagram - the period-doubling tree.



5.13D
The quadratic function f (x) = ax(I - x) clearly exhibits an extraordinary variety of changing
behaviors as the parameter « increases in value from 1 through 4. The most significant
connection is with predictability. A stable, predictable long term behavior exists in the form
of a fixed point attractor for low values of a. As aincreases, predictability becomes more
complex as the number of points in the attractors increases. As aapproaches 4, the
behavior moves quickly into an erratic, chaotic, unpredictable state.

The consequence of this observation is profound and disturbing. Natural phenomena
governed by such a quadratic relationship may appear to be in or out of control solely
because of the functional relationship among the parameters and variables. Under one set
of conditions they can be totally predictable yet, for only slight changes in conditions, they
become completely chaotic and unpredictable.

A completed plot of attractors for all functions of the form f (x) = ax(I - x) for every parameter
value from 1 through 4 is shown below. This complete plot is named after the American
physicist Mitchell J. Feigenbaum. His work during the mid-1 970's at Los Alamos Laboratory
highlighted important properties associated with plots of this type.

ATIFACcTor
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Graphical approach to iteration

You have observed that iteration sonetinmes yields fixed points of a function
i.e., solutions to f(x) = x, and that sonetines it fails. Let us see what
happens when a function is iterated by |ooking at the graphs of y = f(x) and y =

X. The graphs on the next few pages were produced by the software Anal yzer*3.2.
A TI-82 (and TI-81) program QUADGRAF ([4], p. 91) which does iteration
graphically is listed below. In words and symbols, here is the story.

The initial value xp is operated on to produce the point (xg,f(xg)). This point
is projected horizontally onto the line y = x to produce the point (f(xg),f(x0)),
or (x1,x1). Evaluation of f at x1 produces the point (x1,f(x1)), which is
projected horizontally onto the line y = x to produce the point (f(x1),f(x1)), or
(x2,x2). As you can see fromthe foll owi ng graphs, the sequence of points

sonetines converges to a single point, the intersection of y = f(x) and y = x.
But sonetines it produces a long-termcycling between two val ues, or four, or

ei ght, and so on. And sonetinmes the sequence diverges to * oo.

The program QUADGRAF is easy to run, but the TI-82 provides an alternative way to
get the same graphical and nunerical results. Page 14-9 of the TI-82 manual is
reproduced here for convenience. The synbols Uy and Up-1 are terns of the U

sequence. Un-1 is located at the 7 key (2nd function). The equation Uy = K Upn-q
(1 - Un-1) corresponds to the line : Al-All -J in QUADGRAF, which corresponds to

the line : AX(1-X) - X in QUADSLOW and QUADFAST. To iterate a different function,
e.g., cos(x), use the Y= key to replace Un = K Up-1(1-Un=1) by Un = cos(Un-1)
and change the w ndow appropriately. Try both of

PO L oD et e rocs TR Selec e
orm e il skt

P'I‘GEQUADGRFLF [[41. p. 9” Z mﬁmw::ewr[umuwh
ClrDraw Uik Ut {1=Upsr )
ﬂ‘—lR i E:E" (U] &0 repurn to the Homu screan and
M—=Xmin :Lbl 1 4 Pross QTGN Set the WINDSW variabien.
11 Xmax ‘AL-All—J Vamnei el e
:0=Ymin :Line(LILLJ) miney  eel=d yoct=
:1—+Ymax :Lbl 2 By
Disp "A=" :Line(I,J,1,7) e e b, ThE e o e
dAnput A :IP)'“S; .
‘Disp "I=" <SP
(Input 1 ‘Pause
:DrawF AX(1-X) R+1-R
DI'BWF x :-]'-*I & E:ﬂnnpltw;.uuﬂﬂﬂumnw-th-ﬂ
AL-AIL=] :f R<8 7 Change K t0 3.5 wnd TRACE 10 show & cobwab widh
:Line(L,0.1,1) :Goto | =
:Goto 2 :End
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Example 1: f(x) = cos(x)
seed = 1.1
fixed point A .739 Example 3: f(x) = (x + 36/x)/2

seed = 2.1
fixed point =6

.99

f(x) 3. 3x(1-x)
- seed = .6
two-cycle: x13 = .8236 = X15
X12 = .4794 = x14



The Cantor Set

Fromthe interval [0,1] delete the open interval (1/3,2/3). From[O0,1/3] delete
(1/9,2/9) and from|[2/3,1] delete (7/9,8/9). Continue deleting the mddle third
of the intervals that remain after a given stage. |If the process is continued
infinitely often, the points that remain constitute the Cantor set, one of the
earliest (1883) fractals, though that termdid not arise until nuch later ([1],
pp. 79-90). See Fig 2.5 in the Appendi x, where the Cantor set is discussed nore
t horoughly, for the first few stages of the interval-deletion process. Though

t he connection between this geonetric description of the Cantor set and the

foll owi ng anal ytic construction is not obvious, we nmust content ourselves here

with the latter”™. To run the program CANTOR | i sted bel ow, enter a value of X and
get an output. Respond to the pronmpt with ANS and conti nue enough times to see
whet her the sequence of values escapes to infinity or becones trapped as a single
constant or an alternating set of values. |Initial values that |lead to trapped
sequences are called prisoners and are nmenbers of the Cantor set. Qhers are
call ed escapees. Use these initial values and | abel themas prisoners (P) or
escapees (E)

Prgm CANTOR

cLbl 1 13 . 33333 4 27 29 . 22222
“lnput X 8 9 59 5 27 8 81 7 81
If X <5 5 81 1 243 4 243 3_10 6_10

P3X-A 7_10 8_10

:Disp A 310 + 2.3

If X <5 710 - 2_3

:CGoto 1 8 10 - 2.3

1 3-3X-A

:Disp A

:CGoto 1

*The connection between the geonetric definition of the Cantor set and the anal ytic construction can
be seen as follows. Running the program CANTOR and feeding the outputs back in is iteration of the
function f defined by f(x) =3x if 0 <x <0.5 3- 3xif 0.5<x <1 As shown in the graphs bel ow,
the seed 7/81 converges to O and is a prisoner, whereas the seed 0.8 diverges to -+. Consider val ues
of x inthe mddle third (1/3, 2/3) of [0, 1]. The function f maps this open interval onto the open
interval (1, 3/2), which is then mapped onto the open interval (-3/2, 0). As soon as one iterate
becones negative, all subsequent iterates are negative and their magnitudes becone indefinitely |arge.
Thus the interval (1/3, 2/3) consists entirely of escapees. Furthernore, both of the intervals (1/9,
2/9) and (7/9, 8/9), the mddle thirds of [0, 1/3] and [2/3, 1], respectively, are mapped by f onto
the interval (1/3, 2/3), and subsequent iterations send those iterates off to -«. W see a pattern,
then, which shows that intervals which are renoved during the geonetric construction of the Cantor set
are intervals of escapees under the iteration of f. The follow ng paragraph characterizes menbers of
the Cantor set. The Appendix gives a nore extensive discussion.



It can be shown ([1], pp. 85-87) that nunmbers in [0,1] which possess a triadic
(base three) representation without 1's (and only those nunbers) are prisoners
under this iterative process and thus menbers of the Cantor set. For exanple,
the prisoner 2/9 has the triadic representation .02, whereas the escapee 5/9 (=
1/3 + 2/9) has the representation .12 which contains a 1. Note, however, that
while the prisoner 1/3 has the representation .1, it also has the representation
.02which has no 1. A 1l in the rightnost position can be gotten rid of by
replacing it with 02, but no such replacenent is possible for a 1 that is not on
the right end. (Recall, by way of conparison, that .9 = 1 and that

.59= .6 in the base ten nuneration system )

Exercise: give triadic representations for the prisoners 8/9, 7/81 and 3/10 and
t he escapees 5/81 and 8/10.

Answers: .22, .00202, .0220022, .0012, .210121

Note that .0220022 = 2/32 + 2/33 + 2/36 + 2/37 + 2/310 4+ 2/32 4+ /311 + p/3214 4
2/315 + |

= 2/32 +2/33 + (2/36 + 2/310 4+ 2/314 + )y 4+ (2/37 + 2/311 + 2315 + )

2/ 36 2/ 37
1- 13 71 13k
2/9 + 2/27 + 1/360 + 1/1080 = 3/10.
A simlar analysis may be used to verify that 8/10

2/32 + 2/33 +

(by the geometric series fornmula)

.210121.

1.5 4.0

1.5

} | 4.0 |
Cantor set tent: Canffor set tent:
f(x) =3x, for 0 < x <. f(x) =3x, 0<x<.5
3- 3, for .5 <x¥kl1 3- 3, for .5 <X <1
seed = 7/81 eed = .8
converges to O Iterates diverge to -
10



Sierpinski triangle

Run t he program CHACS ([ 3],
by ***** and run it again.
and .6666 to .5.

Prog: CHAGS

:CrDraw
:0-Xmn

11 - Xmax
:0-Ymn

1 -Ymax
:Disp "X="

Sl nput X
:Disp "Y="

Sl nput Y
:0-C

XA *****(don't type the *'s)
'Y_,B * Kk kkk
Lbl 1
:C+1-C
Pt-On(XY)
:Line(A B, X, Y)
:x_>A * Kk k Kk Kk
:Y_)B * Kk k Kk Kk
1 f C1500

- End

:Rand -~ N

1 f N<. 3333
Goto 2

1 f N>. 6666
:Goto 3
:0.5X5 X
:0.5Y-.Y
:CGoto 1

Lbl 2
:0.5(X+1) - X
:0.5Y-.Y
:CGoto 1

Lbl 3
:0.5(X+.5) =X
:0.5(Y+1) -»Y
:CGoto 1

p. 49) bel ow.
Then investigate the effect of changing .3333 to .2

Then delete the five |lines indicated

Tha Chaos Gama
Preparations: Take & sheat of paper and a pencll and mark three

Rules:

points on the sheel, label them 1, 2, and 3, and call
them bases. Have a die which allows you io pick the
numbars 1, 2, and 3 randomly. It is obvious how 10
manutacture such a die. Take an ordinary die and just
identify the faces 6 with 1, 5 with 2, and 4 with 3.

Start the game by picking an arbitrary point on the
sheel of paper and mark it by a small dot. Call it
the game point. Now role the die. if number 2, for
example, comes up, consider the line belween the
game paolnt and base 2 and mark a dot exactly in the
middia, i.e. hallway betwean tha game paint and basa
2. This dot will ba the new game point, and we have
complated the first cycle of the game. Now repeat
(l.e. role the die again) to randomly get the number
1, &, or 3; and depending on the result, mark a dot
halfway between the last game point and the randomly
chosen basa.

Figure 1.20 ;

The three base points {vertices of a triangle) and a

few iterations of the game point.

"T!"l’ T'!*T

Figure 2.16 :

11

Tha hasic constructian steps of the Sierpinskl gasket.



The Fern - a fractal curve

Here is a program adapted for the TI-81 and TI-82 froma BASIC programin [1],
376. The output is not as good as the picture shown, but

fern. Run the program

Prog: FERN
:ClrDraw
:0-Xmn

: 50 - Xmax
:0-Ymn

: 60 - Ymax
1o
:10-L
:50-W
TWHL SV

.. BWLE

;. B7TWLF
;. 408WL G
;. 1075W~H
:OWL M
:-.036W~N
.. 0893W- P
L 2TWSQ
tE-X
:0-Y

:Lbl 1

:Rand-R
1f R> .02
:CGoto 2

: OX+0Y+E- X

10X+, 27Y+M- Y
:CGoto 5
:Lbl 2
1 f R> .17
:CGoto 3

i -, 139X+, 263Y+F - X

1. 246X+, 224Y+N- Y
:CGoto 5

:Lbl 3

1f R> .3

:CGoto 4

1L 17X-. 215Y+G- X

1. 222X+, 176Y+PSY
:CGoto 5

:Lbl 4

1. 781X+. 034Y+H- X
i -. 032X+, 739Y+Q-Y
:Lbl 5

: Pt-On( X+L, V-Y)
41

1f I > 1000

: End

:CGoto 1

Screen Image of Chaos
Fern Jg"

12

it does look |like a



Programming the Mandelbrot set and enlargements
The Mandelbrot set is used -- or misused -- worldwide to

1 All-ft
drive computers crazy. Home Computers and PC'c do it, 2 Clr-Draw o
workstations do it, and even Super Computers are f:lt:ﬁgt SGDM? 0.1
regularly pushed to their limits with the Mandelbrot set. 5 Di‘;p "MAX [TER?"
Clearly, programmable, hand-held pocket calculators do & Input N
not stand a chance competing against their big brothers. 7683 =2
Given their limitations it is astonishing that they are atall ~ &1@

N g Goto 0
capable of rendering images of the Mandelbrot set. 10 4.2 — Ymin
Furthermore, it is amazing how much they can achieve " 1.2 — Ymax
with so little programming effort. On the right is a list of 12 0.5 — Yscl
the complete TI-81 code consisting of mere 48 lines. Yet 13 | -26— Xmin
[ ides the main features that one expects (except for 1 T0/= Koy
it provides P ptfor 45 | 05 xea
color display). 16 ¥ 31 =2

17Lbi0

18 DispGraph

19 (Xmax - Xmin) /95 - C
20 (Ymax -¥Ymin) /63 =D

* Computation of a global view of the set

* Interactive positioning of a zoom window.

* Computation and display of the selected enlargement.
The last two steps may be repeated. Here are the

o ; 210—=1J
operating instructions: 22 Ll J
1. Type in the program and run it. 23 A Ymin+JD =B
2. Type "0" when prompted "ZOOM? (0,1)". 24 0—|
3. Enter the number N of maximal iterations upon "MAX ITER?" 25 Lbl |
4. Now the program starts to compute (this may take a while). 26 4 Xmin+IC =A
5. After termination of the program a picture of the Mandelbrot set er A= X
(or a section of it) is on the display. Now, a window for an §Et By
enlargement can be chosen. First, push the ZOOM button. 29 1K
; "1 Rt : 30 Lbl 1

6. Select the item "1 :Box" from the displayed zoom menu. 31 A XX U
7. Using the four cursor control buttons position the cursor to the 92 VY \
upper left corner of the desired zoom window. The coordinates 33 XY +B =Y
of the point are displayed. Push ENTER. 34 U-V+A—=X
8. Repeat for the lower right hand corner. The outline of the window a5 K+1—=K
is dragged across the display. Push ENTER and CLEAR. 36 HU+V=>100
9. Start the program again. This time, enter "1" when responding to a7 Goto 2 —
"ZOOM? (0,1)". Continue with step 3. a8 ITK<N
Explanations: When setting N = 15 the overview picture takes 25 39 Goto 1
minutes to compute. Enlargements require longer times. Setting the 40 Pnt-On (AB)

. . i . : 41 If Z=31
zoom box in steps 6 -- 8 defines the variables Xmin to Ymax which, 42 Pnt-On (A.-B)
when not zooming, are defined in lines 9-17 of the program. The 43 Lbl ¢ —————
display consists of 64 lines of 96 pixels each. When computing the 44 IS > (1,95)
default overview the symmetry of the Mandelbrot set about the real 45 Gote |
axis is exploited and only 32 lines are computed. The program 48 IS > (J.2)
variables J and | denote the line and pixel number. K is the iteration 47 Goto J
counter. The loops in the program structure are indicated by the 48 End

arrows. A similar program can be written for the CASIO graphing
calculator.
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The programon the previous page ([4], p. 154) produced the |left version of
t he Mandel brot set shown below. A better picture is on the right.
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An application of iteration

This application deals with chlorine concentration in a swinmng pool. It was
originally presented at the NCTM 1991 Annual Meeting in New Ol eans by Joan

Rei nt hal er, Sidwell Friends School, Washi ngton, DC, who adapted it for
publication in the Fall 1991 issue of COVAP Consortium | amgrateful to Sally
Dodge, Evanston (IL) Township Hi gh School, for this reference.

Preliminary facts

1. Chlorine dissipates in reaction to bacteria and to the sun at a rate of
about 15% of the ampunt present per day. Wen the concentration is high
it dissipates much nore quickly.

2. The ideal concentration of chlorine in a pool is 1 to 2 parts per mllion
(ppm; 3 ppmis safe though unconfortable to the eyes.
3. Pool s need to be "shocked" every once in a while with a very high dose to

clean out punps and filters as well as the pool itself. After "shocking"
the concentration drops quickly and reaches 3 ppmin about two hours.

4, It is normal practice to add snmall amunts of chlorine every day to
maintain the ideal 1 to 2 ppmconcentration

Problem
Suppose that a pool has been "shocked" and the chlorine concentration has dropped
to 3 ppm Let t =0 at this point intine and let C(t) be the concentration at

time t, where t is neasured in days. If no chlorine is added, C(1) = 3-(0.85)1 a
2.55, C(2) = 3-(0.85)2 a 2.1675, C(3) = 3-(0.85)3 @ 1.84, C(4) = 3-(0.85)3 a

1.566, C(5) = 3-(0.85)5 a 1.33, C(6) = 3-(0.85)6 a 1.13, 7) = 3-(0.85)7 2 0.96
< 1.

Let us experinent with various amunts A (in ppn) to be added to the pool at the
same time each nmorning to maintain the chlorine concentration at an acceptabl e

| evel , where, as above, C(0) = 3. W wll first try A=0.2. Performthe
followi ng TI-81 or 82 keystrokes:

.85 ¥ 3 + .2 ENTER Qutput is 2.75
.85 ANS + .2 ENTER Qutput is 2.5375
ENTER Qut put is 2.356875

ENTER Qutput is 2.20334375

Continue to press ENTER and observe the stabilization at approxi mtely 1.333 ppm
Repeat this sequence of steps using A = 0.1. What do you observe?

Use ot her values of A and record your observations. Can you find a value of A

t hat produces a stabilization at 1.5 ppn?

Now l et C(0) = 100 and A = 0.2. How many days does it take for the concentration
to drop bel ow 2.0 ppnf?

Wth A = 0.2 you have been iterating the function f defined by f(x) = .85x + .2.
For such a sinple function the fixed point x* can be found by solving the

equati on x* = .85x" + .2 to get x* = .2/.15 = 1.333.... You can then verify
that, if it is desired to have x* = 1.5, A should be .225.
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