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AMICYC s Crossroads in Mathematics includes function as one of its

Standards of Content. This paper describes difficulties students
experience with the function concept, studies conducted to
determ ne the effect of technol ogy on mat hematics educati on, and
the potential effect of the CBL and graphi ng cal cul ators on

students' learning of functions and graphs.

I nt roducti on

It can be argued that the function concept is the single nost
i mportant concept from kindergarten to graduate school (Harel and
Dubi nsky, 1992). The function concept is a central one in
mat hemati cs which grows in inportance as one progresses in the
depth and breadth of one's understandi ng of mathematics
(Yerushal ny and Schwartz, 1993). Yerushal my and Schwartz (1993)
believe that the function is the fundanmental object of al gebra.
The American Mathematical Association of Two-Year Coll eges
[ AVATYC] (1995) in its Standards document includes function as one
of its Standards of Content and states, "Students will denonstrate
under st andi ng of the concept of function by several neans
(verbally, nunerically, graphically, and synbolically) and

incorporate it as a central thene into their use of mathematics."



Introduction of Functions and Graphs

Functions and graphs generally do not appear until the upper
el ementary grades or later (Leinhardt, Zaslavsky, and Stein,
1990). The introduction of functions and graphs is a critica
nmonent in mathematics education since it presents a setting with
the opportunity for powerful learning to take place and since the
concepts of functions and graphs are fundanmental to nore
sophi sticated parts of mathematics. Functions and graphs
represent one of the earliest points in mathematics at which
students use one synbolic systemto expand and understand anot her
A function can be described by a verbal or witten statenent, by
an al gebraic forrmula, as a table of input-output values, or as a
graph (National Council of Teachers of Mathematics [ NCTM, 1989).

Al gebrai c and graphical representations are used to jointly
construct and define the mathematical concept of function
consequently, functions and graphs cannot be treated as isol ated
concepts (Leinhardt et al., 1990). Since functions and graphs are
two synbolic systens used to illustrate each other, demands are
pl aced on the learner in terns of new ideas, notationa

uni queness, and synbolic correspondences.

Students® Difficulties with Functions and Graphs

Students experience a major leap in their mathematica
devel opnent when they are introduced to the concept of the graph
of a function in two variables (Herscovics, 1989). Results from

t he Second Mat hematics Assessnent of the National Assessnent of



Educati onal Progress (Carpenter, Corbitt, Kepner, Linquist, and
Reys, 1981) indicate that the majority of students do not manage
this leap. Carpenter et al. (1981) found that students could
graph ordered pairs of nunbers in the Cartesian plane but that
nmost did not understand the rel ati onship between equati ons and

t heir graphs.

Results fromthe Fourth National Assessnent of Educationa
Progress (Brown et al., 1988; Silver et al., 1988) indicated that
U S. students had a limted understandi ng of function concepts and
of graphing. Brown et al. (1988) reported that secondary students
denonstrated sone intuitive know edge of functions but experienced
difficulty with itenms covering a broad range of function concepts.

Kenel |y (1986) contends that cal cul us students experience
difficulty with function concepts. He surm ses that beginning
al gebra students fail to forma conceptual understandi ng of
variables; as a result, for many students variables are sinply
synbol s used in manipul ati ve practice exercises and functions are
"ordered pairs of these things." Students m ss the idea that
functions capture the spirit and essence of connections and
i nt erdependenci es, and they fail to see that functions enbrace the
el ements of input and output, control and observation, and cause
and effect. Epps (1986) says that beginning cal cul us students do
not know the abstract definition of graph of a function. They can
pl ot and connect points, but they do not know that for a function

f, f(x) is the height to the graph of f at x.



The Potential of Technology

Technol ogy has the potential to enhance the understandi ng of
functions and graphs, but this potential has not been fully
realized. The hand-held scientific calculator was introduced in
the 1970s, but MConnell (1988) states that even though
calcul ators are found in every nook and cranny of the United
States, many mat hematics students are still subjected to topics
that assune a world with no calculators and are forbidden to use
calculators in their classroons. The m croconmputer has not had
the inpact on the teaching and | earning of mathematics that had
been predicted (Barrett and Goebel, 1990) since many schools do
not have a conputer in each mathematics cl assroom and since nmany
educators have trouble defining the role of the conmputer in the
cl assroom

Most al gebra teachers indicate that they use conputers for
denonstrati on purposes only (Demana and Waits, 1992). The
conput er has had a great inmpact on mathematics, but mathematics is
still being taught in nost college courses just as it was 30 years
ago as a paper-and-pencil discipline (National Research Council
1991). Dermana and Waits (1992) are convinced that if teachers and
students rely solely on desktop personal conputers, no neani ngfu
reformw |l occur in mathematics education in the 1990s; students
must use computers on a regular basis for both in-class work and
for honmework if significant changes are to be nmade in the
mat hemati cs that students learn in the 1990s. Denmana and Waits
advocate the use of inexpensive pocket conputers (graphing

calculators) in mathematics education



Conmput er- and cal cul at or - based graphi ng has the potential to
change the way mathematics is taught and | earned (Waits and
Demana, 1988) since this technol ogy enables students to handl e
nore conplicated, realistic, and noncontrived applications. The
graphi ng cal cul ator can transformthe nmathematics classroominto a
| aboratory environnent where students use technology to
i nvestigate, conjecture, and verify their findings (NCTM 1989).

G aphi ng cal cul ators have the greatest potential of all of
t echnol ogi cal innovations to inpact on the teaching of precal cul us

and cal cul us (Dion, 1990).

Effect of Technology on Mathematics Education

Several studies have yiel ded inconcl usive evidence of the
val ue of the graphing calculator in mathematics education. Rich
(1990/1991) conducted a study to exam ne the effects of graphing
cal cul ators on precal cul us students' achievenents, attitudes, and
pr obl em sol vi ng approaches in which two cl asses were taught
precal cul us using CASI O f x-7000G graphi ng cal cul ators and six
cl asses were taught precal cul us without graphing calculators. The
study did not provide evidence of an overall achievenent effect of
graphi ng cal culator instruction. Rich concluded that students
taught precal culus with the use of graphing calculators acquire a
better understanding of the relationship between an al gebraic
equation and its graph

Estes (1990) conducted a study to investigate the effects of
i npl enenting graphing cal cul ators and computer technol ogi es as

teaching tools in Applied Cal culus in which she designed and



taught two experinmental classes in Applied Calculus with the use
of CASI O f x-7000G graphi ng cal cul ators and a Maci ntosh SE comput er
wi th overhead projector capabilities. Special assignnents were
devel oped and used to facilitate | earning the concepts of Applied
Cal culus with a graphing cal culator. Students in a control group
were allowed to use calculators, but did not receive any speci al
attention to effective uses of the graphing calculator to
facilitate conceptual learning. On end-of-senester tests, the
experimental group scored significantly higher than the control
group on conceptual neasures. No significant difference was found
bet ween the groups on procedural neasures.

Cal dwel I (1994/1995) conducted a study to determ ne the
effect of the TI-81 Graphics Calculator as a | earning tool on
col | ege students' understandi ng of concepts and perfornmance of
procedures involving functions and graphs. Two coll ege al gebra
cl asses, the treatment group, studied functions and graphs with
the use of TI-81 G aphics Calculators. Two college al gebra
cl asses, the control group, studied functions and graphs with the
use of scientific calculators wi thout graphing capabilities. At
t he concl usion of units on functions and graphs, a concepts test
and a procedures test were admnistered to both treatnent and
control groups. The treatment group scored significantly higher
than the control group on the procedures test. There was no
significant difference between the two groups on the concepts

test.



G aphi ng cal cul ators provide opportunities for students to
connect graphical images, synbolic expressions, and sets of
rel ated nunerical values (Caldwell, 1994/1995). Wth graphing
cal cul ators such as the TI-82 and TI-83, students can represent
functions nunerically as tables of input-output pairs,
synbolically as al gebraic representations, and graphically as
pl ots of input-output points. Students need to translate across
t hese representati ons and connect these representations to
physi cal contexts. A device which can aid students in connecting
nunerical, synbolic, and graphical representations of functions to
physi cal contexts is the Texas Instrunments Cal cul at or - Based

Laboratory System (CBL).

The Calculator-Based Laboratory System

Wth the use of a CBL and a graphing cal cul ator, students are
able to physically observe a functional relationship between two
vari abl es and then observe a graphical representation of the
rel ati onship as a scatter plot. Students may al so observe a
nunerical representation of the relationship by tracing anong the
points of the scatter plot and by scanning the lists in which data
are stored. Students may then use the graphing calculator to
determ ne an equation for a curve to be fitted to the data and
thus obtain a synbolic representation of the relationship.

The CBL is a portable, handheld, battery-operated data
collection device for collecting real-world data (Texas Instru-
ments | ncorporated, 1994). Wth the CBL and appropriate probes or

sensors, one can neasure notion, force, tenperature, |ight, sound,



and nore. Data can then be transferred directly to TI-82, TI-83,
Tl -85, and TI-92 graphing calculators for analysis. The data is
stored in lists in the graphing calculator, and data points are
plotted as a scatter plot on the cal culator screen. Several books
have been published with step-by-step mathematics and sci ence
experiments for the CBL including progranms for the experinents
that can be downl oaded into graphing calculators. A few of the
experiments whi ch have been used by the author are described in

thi s paper.

CBL Mathematics Experiments

Using the HHKER programwith a CBL, a graphing cal cul ator,
and a notion detector, students walk in such a way that the graphs
of their distances fromthe notion detector with respect to tine
formdifferent shapes. Experinents with the H KER program al | ow
students to devel op the concept of slope. Walking away fromthe
noti on detector at a constant rate generates a line with a
positive slope while wal king toward the notion detector at a
constant rate generates a line with a negative slope. By varying
one's rate during a single walk or by wal king away from and t oward
the notion detector during a single walk one may generate graphs
of many different shapes. These graphs represent functions, and
by traci ng anong the points on the graphs, one may determ ne
domai ns, ranges, and extrema of functions. Experinments using the
H KER program provi de excellent opportunities for students to
devel op and refine such concepts as function as a correspondence;

function as a set of ordered pairs; domain and range of a



function; relative maxi ma and m ni ma; absol ute maxi ma and mi ni ma
and increasi ng, decreasing, and constant functions.

Several CBL prograns allow students to work with specific
types of functions. Using the BALLDROP programwith a CBL, a
graphi ng cal cul ator, and a notion detector, one nay drop an object
fromdirectly over the notion detector or toss an object and | et
it fall directly over the notion detector. A plot of the
col l ected data includes points before the object is dropped and
after it is caught. These points may be renoved with the SELECT
program |eaving only the points representing the tinmes and
di stances during the fall of the object. The plot of the
remai ning data will appear to be quadratic. By tracing anong the
points on the plot, one may approximate the velocity of the
falling object at different tinmes, and this can lead to a
di scussion of limts. One may sel ect STATCALC QuadReg L3,L4 on
t he graphing calculator to determ ne the coefficients a, b, and c
of a quadratic function of the formy = ax2 + bx + ¢ to nodel the
rel ati onship between the tinmes and distances of the falling
object. The equation of the quadratic function may be pasted into
the Y= 1ist and then plotted on the cal cul ator screen along with
the scatter plot of the collected data.

Using the HOOK programw th a CBL, a graphing calculator, a
nmoti on detector, and a slinky, one may observe an exanpl e of
harmoni ¢ notion. The plot of the resulting data can be used to
illustrate the concepts of periodic function, anplitude, period,
phase shift, and vertical translation. One nmay use the graph of

the data points to find the values of A, B, C, and Dto fit an



equation of the formy = Acos(Bx + C + Dto the graph. By using
SinReg on the TI-83, one nay determ ne the equation of a sine
curve to fit the plotted data. The Forcel program can be used
with a CBL, a graphing calculator, a force sensor, and a slinky to
obtain a plot of harnonic notion. The Sound program can be used
with a CBL, a graphing calculator, a mcrophone, and a tuning fork
to illustrate periodic functions.

Using the LIGHT programwith a CBL, a graphing calculator, a
light sensor, a light source, and a neter stick, one may
i nvestigate the inverse square law. The |light sensor is placed at
several different distances fromthe |ight source, the intensity
of the Iight at each distance is deternm ned by the CBL, and the
resulting plot of distance versus intensity is shown on the
cal cul ator screen. By tracing anong the points of the plot one
may approxi mate rates of change of intensity with respect to
di stance. Using STATCALC Pw Reg L2,L4 one can use the graphing
calcul ator to determ ne the equation of a power function to fit
the plotted data.

The HEAT program can be used with a CBL, a graphing
cal cul ator, a tenperature probe, and different pieces of apparatus
in the study of exponential functions. Wth the HEAT program the
CBL collects 36 readings of tine and tenperature. The tinme in
seconds between the readings is set by the person conducting the
experinment. The resulting data points are plotted on the
calcul ator screen. Tine data is stored in L3, and tenperature

data is stored in L4.



An experiment can be conducted by heating a cup of water,
renovi ng the heat source, placing the tenperature probe in the
water, and then letting the CBL collect data over a period of
several mnutes. One may trace anong the data points and
approxi mate the rate of change of tenperature at different tines.
One may then sel ect STATCALC ExpReg L3,L4 to obtain the
coefficients a and b for an exponential function of the form
y = abx to nodel the relationship between the tinme and tenperature
of a cooling object. By using natural |ogarithnms, one can
determ ne a correspondi ng exponential function with base e. The
equation of the exponential function can be pasted into the Y=
list and plotted on the cal cul ator screen along with the scatter
pl ot of the data.

An experiment requiring less tine can be conducted by fol ding
a piece of alumnumfoil, placing the tenperature probe between
the layers of the foil, flattening the foil tightly around the
probe, and then heating the foil with a hair dryer. Wen the foi
is hot, the hair dryer is turned off and the HEAT programis
started. Data points are collected by the CBL and plotted on the
cal cul ator screen every few seconds as the foil cools. An
exponential function can then be determ ned to nodel the data. An
experiment requiring even less tine can be conducted by pl acing
the tenperature probe in a cup of hot water for a short period of
time and then renoving it and placing it in a cup of ice water,
starting the data collection with the HEAT program as the
tenperature probe is renoved fromthe hot water. An exponenti al

function can also be determned to nodel this data. The



tenperature probe can also be placed in a cup of ice water and
then renmoved and placed in a cup of hot water generating a heating
curve. By selecting STATCALC LnReg L3,L4 one can use the

graphing calculator to deternmne a logarithm c function to nodel

t he dat a.

Conclusions

One of the basic principles of the AMATYC Standards is that
mat hemati cs nust be taught as a | aboratory discipline (AVATYC,
1995). There nust be an enphasis on effective mathematics
instruction involving active student participation and in-depth
projects enpl oyi ng genuine data to pronote students' |earning
t hrough gui ded hands-on investigations. The use of the CBL al ong
wi th the graphing cal culator pronmpotes this type of |earning
envi ronnent .

Wth only one CBL in the classroom students can physically
observe a functional relationship between two variables while data
is being collected by the CBL. Data can then be transmtted from
t he graphing cal culator used with the CBL to students' graphing
calcul ators. Students can then anal yze the nunerical representa-
tion of the data by scanning the lists in which the data are
stored. Students can plot the data on their cal cul ator screens to
obtain a graphical representation of the data. By analyzing the
pl otted data points, students can deternmine the type of function
that the points seemto fit and then use the graphing cal cul at or
to create an equation for the curve of best fit to obtain a

synbolic representation of the data. Students can then plot the



curve of best fit on their calculator screens along with the
scatter plot, and by using the equation of the curve of best fit,
they can predict values of one variable when given val ues of the

ot her vari abl e.
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