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EULER AT 301

SAT NOV 22; 2:30-3:20
HILTON WASHINGTON
Room: Lincoln West
In this lecture | will discuss some of Euler's TOP
including
the Konigsberg Bridge Problem
the Basel Problem

the Polyhedral Formula

and EULER THE MAN
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LEONHARD EULER
b.April 15, 1707
Basle Switzerland

STUDIED UNDER
JOHANN (JEAN, JOHN)
BERNOULLI

ENTERED UNIVERSITY of
BASLE 1720

MASTER of ARTS 1723
FIRST PAPER (ISOCHRONOUS CURVES) 1726
2" PLACE GRAND PRIZE PARIS ACADEMY 1727

E4 -- Meditationes super problemate nautico, quod
illustrissima regia Parisiensis Academia scientarum proposuit

APPLIED FOR A PROFESSORSHIP, UNIVERSITY of
BASLE
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EULER AT ST. PETERSBURG 1727-1741

APPOINTED PROFESSOR PHYSICS 1730
CALL TO ST. PETERSBURG (DANIEL and NICOLAUS) 1727

LEFT ST. PETERSBURG FOR BERLIN 1741

INVENTS GAMMA FUNCTION (E-19) 1729

FIFTH FERMAT NUMBER NOT PRIME (E-26) 1732
EULER SOLVES BASEL PROBLEM (E-41) 1735
KONIGSBERG BRIDGE PROBLEM (E-53) 1735

FIRST PROOF: FERMAT'S LITTLE THEOREM (E-54) 1736
CONTINUED FRACTIONS (E-71) 1737

PRODUCT-SUM FORMULA for ZETA FUNCTION (E-72)
1737

FERMAT'S LAST THEOREM for N=4 (E-98) 1738
GENERATING FNCTNS, PARTITION PROBLEM (E-158)
1741



(Observations on a theorem of Fermat and others on looking at prime
numbers)

The n-th Fermat number is defined as :
E, =27 4+1.
n=0, 1,2,3,4.

3, 5,17, 257, 65537

Fermat incorrectly conjectured that all these numbe rs were
primes ,

(although he had no proof )
The first 5 Fermat numbers are prime (so called  Fermat primes )

EULER was the first to point out the falsity of Fermat's
conjecture

Fs= 641" 6700417



The Basel Problem: - %&'(

Find a closed form expression
for
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values of (n) for small positive integer values oh
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Euler gave (2) to (26) for evenn
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Hucufque iftos Poteftatum ipfius = Exponentes artificio alibi

exponendo continuare licuit, quod ideo hic adjunxi, g{UOd
2 ericl

from Euler’s “Introductio ad Analysin Infinit orum” 1748



HOW EULER DID IT

AB: cross from area Ato area B (bridge aor b)
ABDC: startat A, crosstoB,goestoD,endsat C
EIGHT LETTERS NEEDED (because 7 bridges)

There are 2 bridges between Aand C; Aand C mustb e
adjacent twice in sequence. Is this possible?

1 BRIDGE: A appears 1X; 3 BRIDGES: A appears 2X
ODD NO.BRIDGES: A appears
Y% OF 1 MORE than NO. OF BRIDGES

REVISIT KONIGSBERG:

5 bridges to A LETTER A appears 3X
B,C,D appear 2X each

3+2+2+2=9 BUT 8 LETTERS NEEDED:
NO SOLUTION



EULER PRODUCT FORMULA (1737)
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EULER AT BERLIN

1741-1766
(25 YEARS IN BERLIN
ABOUT 380 WORKS)

METHODUS INVENIENDI LINEAS
CURVAS (E-65) publ. 1744
INTRODUCTIO IN ANALYSIN INFINITORUM (E-101-102),
1748
ON THE VIBRATION OF STRINGS (E-140), 1750
DE PARTITIONE NUMERORUM (E-191), 1750
THEORIA MOTUS LUNAE (E-187) 1753
ON THE PRINCIPLE OF LEAST ACTION (E-198) 1753
INSTITUTIONES CALCULI DIFFERENTIALIS (E-212)
publ.1755
PRINCIPIA MOTUS FLUIDORUM (E- 258) publ. 1761
THEORY MOTION SOLID BODIES (E-289) publ. 1765



1744 BIRTH YEAR
OF

THE
CALCULUS OF
VARIATIONS

LEONHARD
EULER

100 special problems
illustrates his method
special cases to a discussion of very general class es of
problems
first publication of the principle of least action

If Y= f (X) is a curve which gives an extremum (mostly a minimum)
of the definite integral

b
|= L xyYy dx y@=a, bh=b

a
Then the Euler —Lagrange equation  must be satisfied
IL.d fL-g af ¥ b

Ty dx Ty



Pierre Louis Maupertuis (1698-
1759)
“Les loix du movement...” 1746

“l...have discovered a universal principle on
which all laws are based... This s

the principle of least action

(a physical quantity called ACTION

tends to be minimized)

a principle so subtle as to be worthy of a supreme
being.”

WIKIPEDIA; French and English translation



EULER
BACK AT

ST.PETERSBURG
(1766-1783)

INTEGRAL
CALCULUS TEXT; 3
VOLUMES publ.1768-1770
COMPLETE INSTRUCTION IN ALGEBRA (E-387,388)
1770
LETTRES A UNE PRINCESSE D’ALLEMAGNE sur divers
sujets de physique & de la philosophie (E-417) 1772
THEORIA MOTUUM LUNAE (E-418) 1772
EVERY INTEGER IS THE SUM OF 4 SQUARES (E-445)
1774
PUBLISHED ABOUT 250 WORKS DURING THIS TIME;
MORE THAN 500 WORKS PRESENTED TO THE
ACADEMY or LEFT IN MANUSCRIPT FORM AFTER HIS
DEATH






“HOW EULER DID IT” ED SANDIFER, JAN 2004 VENN
DIAGRAMS
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1740 1766
Lost sight of one eye totally blind






Amicable Pairs:
Two numbers such that the divisors of one sum to
the divisors of the other.

Ex: (220, 284)
Divisors of 220; 1, 2, 4, 5, 10, 11, 20, 22, 44,55 and 110.
SUM=284. Divisors of 284; 1, 2, 4, 71 and 142. SUM=220.

(lamblichus; 320BC said Pythagoreans knew it)

PIERRE FERMAT (1636)

FOUND A NEW AMICABLE
PAIR

(17,296, 18416)

RENE DESCARTES (1638)
FOUND A THIRD PAIR

(9,363,584, 9,437,056)

EULER FOUND 60



THEOREM: For any realx: eX =coSx+ i Sinx
Let SINX=Y; so X=Sinty

x= _ I

iy
y=iz dy=id:
X = 1dz

. dz _.
— = =i Inl+v1 2
1- (iZ)2 | 1+ 7 ! n( " +Z)
z=vyli=(sinxX)/y  Z=(sin?x)/i*=- sin®x

x=iln({1- sirex +si:nx):i In(cosx- i sir)

iX =i2In(cosx - i sirx) =In ! - If cost i sin)
COSX- 1 SINX

@X = @n(cosc+isik )=cogx+i Sirx



EULER’S FIRST LETTER TO GOLDBACH (OCT 1729) WROTE

A certain sum is equal to
2 - (1)

which is equal to the side of the square equal to t
equal to 1”

radius of circle =1/2
Area of circle= /4
Side of square=

Therefore: %W-_lxm(-l) :g
1In (-1)=p
In(-1)=- pi

- Fer
ei=-1

he circle with diameter



EULER BIBLIOGRAPHY:
JOURNAL ARTICLES

The Truth About Konigsberg: Brian Hopkins, Robitilson
The College Mathematics Journal Vol 35 No.3 May4£200198-207

Euler and the Zeta Function: Raymond Ayoub
The American Mathematical Monthly Vol 81 No. 10 DEx74 pp1067-1086

Higher Trigonometry: Hyper Real Numbers and Eul&ralysis of Infinities
Mark McKinzie, Curtis Tuckey
Mathematics Magazine, Vol 74 No.5 Dec 2001 pp 388-3

Six Ways to Sum a Series: Dan Kalman
The College Mathematics Journal Vol 24 No.5 Nov3pp402-421

Old and New Approaches to Euler’'s Trigonometric &xg@ons: Wolfgang Walter
The American Mathematical Monthly Vol 89 No.4. Ai#82 pp225-230

Ars Expositiones: Euler as Writer and Teacher: @l8xanderson
Mathematics Magazine, Vol 56, No.5 Nov.1983 pp278-2

The Foremost Textbook of Modern Times: C.B. Boyer
The American Mathematical Monthly Vol 58, No.4 A@b51 pp 223-226

Leonhard Euler 1707-1783: J.J. Burckhardt
Mathematics Magazine, Vol 56, No.5 Nov 1983 pp 262-

Euler: Andre Weil
The American Mathematical Monthly Vol 91 No.9 Na98Y4 pp 537-542

The Euler Characteristic and Polya’s Dream: PetkkoftjJean Pedersen
The American Mathematical Monthly Vol 103 No.2 F996 ppl121-131

An Excerpt from the Works of Euler: Rudolph E. Lang
The American Mathematical Monthly Vol 64 No.8 Pai®ct 1957 pp37-44

Frederick the Great on Mathematics and Mathemasciglorian Cajori
The American Mathematical Monthly Vol 34 No.3 M&2T pp 122-130

Leonhard Euler’s Integral: A Historical Profile thfe Gamma Function...:Phillip J. Davis
The American Mathematical Monthly Vol 66 No.10 DE¥59 pp849-869

Euler and Infinite Series: Morris Kline
Mathematics Magazine, Vol 56, No.5 Nov.1983 pp3Q24-3



The Number e: J.L. Coolidge
The American Mathematical Monthly Vol 57 No.9 Na®5D pp 591-602

Proof Without Words: Euler’s Arctan Identity: Rex Wu
Mathematics Magazine, Vol 77 No.3 June 2004 pp 189

The So-Called Euler Diderot Incident: R.J. Gillings
The American Mathematical Monthly Vol 61 No.2 FEYb4 pp77-80

The Euler-Diderot Anecdote: B.H.Brown
The American Mathematical Monthly Vol 49 No.5 Ma®4P pp 302-303

EULER ON LINE
Mathematical Association of America MAA ON LINE

MAA Column - How Euler Did It by Ed Sandifer
http://www.maa.org/news/howeulerdidit.ntml
19 great Euler Articles

http://www.maa.org/

Sections...

Fall 2007 Meeting at Anne Arundel Community College

| attended the conference and got much of the mmétion from 4 talks
1. Five Pearls of Euler. Ed Sandifer

2. An Euler Trifecta. William Dunham

3. Ron Calinger: Leonard Euler: The Second St.rBle¢eg Period

4. Phyllis and Victor Katz Breathing Euler’s Air

EULER BIBLIOGRAPHY BOOKS
Euler, the Master of Us All: William Dunham. MAA 29

MAA TERCENTENARY EULER CELEBRATION 5 vols MAA 2007

1. The Early Mathematics of Leonhard Euler. C. Edisandifer,

2. The Genius of Euler; Reflections on His Life adrk. William Dunham
3. How Euler Did It. C. Edward Sandifer

4. Euler and Modern Science. N.N. Bogolyubov et al

5. Euler at 300, An Appreciation Robert E. Bradé¢al.

Introduction to the Analysis of the Infinite: 1, Ruler Springer Verlag NY 1988

Introductio in Analysin Infinitorum Leonhardo Eutelfomus Primus, Tomus Secondus.
Lausannae MDCCXLVIIL Culture et Civilisation Bruxe$ 1967

EULER ARCHIVE: http://www.math.dartmouth.edu/~euler/



EULER'S FOUR SQUARE IDENTITY



EULER’S TOP 10

. , _ ¥ 1 _p?
1: BASEL PROBLEM: |/(2) = T
2: POLYHEDRAL FORMULA: V-E+F=2

3. EULER’S FAMOUS FORMULA e =-1
4: KONIGSBERG BRIDGE PROBLEM:

~ ¥
5: EULER'S PRODUCT FORMULA: () — = = 1
pprimel' pn

6: EULER-LAGRANGE NECESSARY CONDITION:

: — b : i d 1f
to ext J= f(xV,Yy)dxsol -
0 extremize . (X, Y, y') dxsolve W dt Ty
7: DENSITY OF PRIMES: 1 diverges
pprimep

8: GENERATING FUNCTIONS and PARTITION NUMBERS

9: EULER-FERMAT THEOREM: a&’™ °1(modn)

¥
10: GAMMA FUNCTION  tZ1e tdt
0



