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POLYNOMIAL DISCOVERY SHEET

Part 1   Introduction

Consider the polynomial expression:

(x + 7)

Determine the value of x that makes the expression equal 0. We will call the value of the variable that makes the polynomial equal 0 a cut point.  Plot it on a number line.


The cut point is –7.  Now, test a value on each side of the cut point by choosing a number and substituting it into the expression.  Record above the number line whether the result is positive (+) or negative (–).  For example, test 0 on the right of the cut point and –10 on the left of the cut point.

(0  + 7) = 7   The result is positive (+)

 (–10 + 7) = –3   The result is negative (–)




                         (test point -10)


      (test point 0)

In this example, the expression is positive for values to the right of –7 and negative for values to the left of –7.  So the sign of the expression changed when we “jumped” from one side of the cut point to the other side of the cut point.

Part 2    Investigation

Let’s investigate the behavior of some polynomial expressions when they “jump” their cut point. 

For each of the following:

· Find and plot the cut point. 

·  Test a point on each side of the cut point. 

· Record whether the value of the expression is positive or negative as in the previous example.
1. 
[image: image1.wmf]

What is the exponent on the quantity 
[image: image2.wmf]? ______

Did the sign of the expression change when you “jumped” from one side to the other side of the cut point? _______

2. 
[image: image3.wmf]       

What is the exponent on the quantity 
[image: image4.wmf]? _____

Did the sign of the expression change when you “jumped” from one side to the other side of the cut point? _______

3. 
[image: image5.wmf]   

What is the exponent on the quantity 
[image: image6.wmf]? _____

Did the sign of the expression change when you “jumped” from one side to the other side of the cut point? _______

4. 
[image: image7.wmf]
What is the exponent on the quantity 
[image: image8.wmf]?______

Did the sign of the expression change when you “jumped” from one side to the other side of the cut point? _______

5. 
[image: image9.wmf]
What is the exponent on the quantity 
[image: image10.wmf]?______

Did the sign of the expression change when you “jumped” from one side to the other side of the cut point? _______

6. 
[image: image11.wmf]
What is the exponent on the quantity 
[image: image12.wmf]?______

Did the sign of the expression change when you “jumped” from one side to the other side of the cut point? _______

7. 
[image: image13.wmf]
What is the exponent on the quantity  
[image: image14.wmf]?_____

Did the sign of the expression change when you “jumped” from one side to the other side of the cut point? _______

8. 
[image: image15.wmf]
What is the exponent on the quantity 
[image: image16.wmf]?______

Did the sign of the expression change when you “jumped” from one side to the other side of the cut point? _______

9. 
[image: image17.wmf]     
What is the exponent on the quantity 
[image: image18.wmf]?______

Did the sign of the expression change when you “jumped” from one side to the other side of the cut point? _______

Part 3  Analysis

Based on Exercises 1 – 9, complete the table below.  The first one is done for you.

	Expression
	Exponent
	Change of sign

 at cut point?

	1.  
[image: image19.wmf]
	   1
	   Yes

	2.  
[image: image20.wmf]
	
	

	3.  
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	4.  
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	5.  
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	6.  
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	7.  
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	8.  
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	9.  
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When you jump from one side of the cut point to the other, does the sign of the polynomial always change? ____________

In which case(s) does it change? ________________________________

Why? ______________________________________________________

In which case(s) does it stay the same? ________________________________

Why? ____________________________________________________________

Will a polynomial expression change sign anywhere other than at a cut point?  _________

Part 4     Further Investigation

Consider the product.            (34)(56)(–67)(–12)(92)

Without computing, determine if the result is positive or negative. _________

Now the sign of one factor has been changed.

(–34)(56)(–67)(–12)(92)

Is the product positive or negative?  ____________

How did it change from the previous result? _________________________

Again, let’s change the sign of one factor.

(–34)(56) (67)(–12)(92)

Is the product positive or negative? __________

 How did it change? ____________

One more time… the sign of one factor has been changed.

 (–34)(–56) (67)(–12)(92)

Is the product positive or negative? __________

 How did it change? ____________

From this investigation, it appears that if the sign of one factor of a product is changed then the sign of the product changes in what way? ____________

In fact it is true that if the sign of one factor of a product is changed, the sign of the product becomes the opposite.

Part 5     Synthesis
We are going to devise a technique to determine when a polynomial is positive and when it is negative. Our technique requires that we know the zeros of the polynomial, which will require factoring, if possible.

Let’s solve a polynomial inequality. 

(x + 5)2(4x – 1)(3 – x) > 0

The polynomial on the left has been written as a product by factoring.  From the factors, we see that the polynomial will equal 0 when x is –5 or ¼ or 3.  These are the cut points.  We plot these on a number line.


We will test a point to the right of 3, to determine if the product is positive or negative in that interval.  Let’s test 5.

(x + 5)2(4x – 1)(3 – x) 

(5 + 5)2(4(5) – 1)(3 – 5) = (100)(19)(-2) = -3800

Record that the result is negative in that interval.

Now let’s look at the next interval on the line, just to the left of 3.  Either the product will change sign (from negative to positive ) or it will stay the same.  Here is where we use what we learned in Parts 2 - 4.

· A polynomial factor can only change sign if we “jump” its cut point.  Which factor has a cut point of 3?

 (x + 5)2(4x – 1)(3 – x) 

· What is the exponent on the factor (3–x)? ____

· Will it change sign at its cut point?  ________

· Will that cause the product to change sign? ___   Record the sign.

Now look at the next cut point, ¼.  Which factor generated this cut point?

 (x + 5)2(4x – 1)(3 – x) 

· What is the exponent on the factor? ________

· Will the factor change sign? _______

· Will that cause the product to change sign? ___   Record the sign.

Now the last cut point, -5.  Which factor generated this cut point?

(x + 5)2(4x – 1)(3 – x) 

· What is the exponent on the factor? ________

· Will the factor change sign? _______

· Will that cause the product to change sign? ___   Record the sign.


The result is


The solution to the inequality

(x + 5)2(4x – 1)(3 – x) > 0 

will be the interval(s) where the polynomial is positive.

(1/4, 3)

Note: This technique is for inequalities that are set greater than or less than zero.  The technique determines where the quantity is positive or negative.

Solve the inequalities using the method shown above.

(t – 2)3(3t + 7)2(t +8) ≤ 0  


y2(y +1)4(y – 10)3 > 0  

(x2 + 4)(6 – x)(5x + 1) ≥ 0

Additional Applications

	· Graphing Polynomial Functions 


f(x) = (x + 5)2(4x – 1)(3 – x)


	· Solving Rational Inequalities

 
[image: image28.wmf] ≥ 0



	· Graphing Rational Functions

f(x) = 
[image: image29.wmf]

	· Fractional Exponents       
[image: image30.wmf]    
[image: image31.wmf]


	· Dominance of Leading Coefficient           
[image: image32.wmf] 

	· Behavior at Imaginary Zeros 
[image: image33.wmf]

	· Applications to calculus – 

            max/min and concavity  



[image: image34.wmf]
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