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Abstract: Numerical calculus requires either graphing calculators or software. Calculators can
carry these methods recursively or by using programs. Mathematical software also require
programming knowledge or pre-written programs. Neither will help students to understand the
mechanic of these methods. Widely available Microsoft Excel can carry these methods by
writing small formulae and click and drag.

In this paper we take advantage of the intrinsic functions and cell reference capabilities of
Microsoft Excel to demonstrate numerical calculus. Topics include fitting a linear model to a
data, finding limits numerically, Riemann sums, Numerical integration, Newton's Method,
Euler's Method, and Monte Carlo Integration.

Introduction: Numerical calculus requires either a graphing calculator or mathematical
software. Most graphing calculators are not capable of doing what is needed on numerical
methods unless they are done recursively or by using programs. Many mathematical software
(Computer Algebra Systems, CAS) also require the knowledge of programming specifically for
the software. Students can also use pre-written programs, but this doesn’t help them to
understand the mechanics of these methods. Widely available Microsoft Excel can be used for
numerical calculus by writing a few small formulae and clicking and dragging. In this workshop
we take advantage of intrinsic functions and cell reference capabilities of MS Excel to
demonstrate instruction, computation, and visualization in numerical calculus.

Evaluation and Graphing of Functions: Any graphing calculator or CAS will graph
functions by plotting points over an interval by dividing that interval into some subintervals,
evaluating the function at some point over those subintervals, and plotting them. The plots are
then connected to create the graph. Excel plots the graphs using the same technique.

Suppose we need to graph f(x)= xe™* over [-3,3]. Divide [-3,3] into 12 subintervals of
equal width. That is, let Ax=(b—a)/n=6/12=0.5. Then, starting with x=-3, calculate
f(-3+0.5*i) for i=0..12. Finally: using Excel’s Chart, plot and graph f.

e Enteri,x,and f(x) incells Al, B1, and C1 for column headings.

e Enter0and 1 in cell A2 and A3 respectively.
e Fill cells B2 and C2 with given formulae as in the following table.
e Select cells A2:A3.
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Click on the cell A3 box holder, hold and drag to cell Al4.
Cells A2:A14 will be filled with numbers 0 through 12.

[ ]
[ ]
e Select cells B2:C2.
[ ]

Click on the cell C2 box holder, hold and drag to cell C14. C2:C14 will be filled with the
values of the function f(x) = xe ™ for values in B2:B14. The second table is the result.

To graph f(x),
e select cells B1:C14.

e Click on the “Chart Wizard” icon (1 :
e Select XY (Scatter), select continuous graph, and click next.
e Customize the graph and then click finish.

Chart Wizard - 5tep 1 of 4, - Chart Type

Standard Types l Custom Types ]

Chart bype:

Chart sub-type:

3

il elumn -

@ Doughnut

iy Radar

) Surface
@2 Bubble
i Stock ﬂ
Scatter with data points cannected by
smoothed Lines without markers,
Press and Hold to view Sample |
@ Cancel ‘ Mexk = Finish |

A, =] C A =] [
1] X fix] 1 i X fix)
2|0 |=-3H1.5%A2 |=BZ*EXPI-(B2"2)) 2 a -3| -0.00037023
3 |1 |=-3H5%A3  |=BIERPI-(B3*) 3 1 -2.5| -0h482614
4 12 |=-3H1.5%A4  |=B4ERP-(B4Y) 4 2 -2| -0.03663125
5 |3 |=-3H1.5%A5  |=BS"EXPI-(BS"2)) 5 3 -1.5] -0.15505554
B |4 |=-3H1.5%AF  |=BE"EXP-(B6"2)) B 4 -1] -0.36757944
7|8 |=-3H1ETAT |=BTERPEETE) i 5 -0.5] -0.35940039
g |6 |=-3H1.5%A5  |=BEEXPI-(ES"2)) 5 B ] o
9 |7 |=-3+H1.5%A3 |=BI"EXPI- (B2 E 7 0.5| 0.38240039
10 (8 |=-3H.5°A10  |=B10*EXR-(B10"2)) 10 g 1] 0.36787944
119 |[=3H1.57AT1 [=B11"ERPI-E1120) 11 e 1.4] 0.158059554
12 10 |=-3H1.5°A12  |=B12*EXPI-B1220) 12 10 2| 0.03663125
13 11 |=-3H1.5°A13  [=B153"EXPI-B13"2]) 13] N 25| 0.00452614
14 12 |=-3H1.5A14  |=B14"EXP-(B14"2 14| 12 3| 0.00037023

-
Chart Wizard - Step 2 of 4 - Chart Source Data

Data Range

1 Series ]

Data rangs:

Series in:

" Rows

* Columns

ol

< Back. ‘ [lext =

Cancel Einish
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Chart Wizard - Step 3 of 4 - Chart Options

Titles ] Axes ]Gridlines Legend | Data Labelsl
S
/RN
e
S " 1 2 3

N

N
A

@ Cancel | < Back | Mext = | Finish

The result will be the following chart (graph).
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To enhance the understanding of graphing concepts and to demonstrate graphing techniques
such as stretching, shrinking, reflecting or translation, we can use the “Scrollbar”, or “slider”
feature of the “Control Toolbox” under the “Toolbars” in Excel. This feature allows us to have a
dynamic graph rather a static graph.

Suppose we need to show the effect of changes in a, b, ¢, and d in graph of
f(x)=asin(bx+c)+d . Furthermore, suppose we need to graph f(x)=asinx for
a=-2,-15-1-.50,05,1,15, and 2 over [-27, 2x] starting with a=-2, that is, graphing
f (x) =—2sin x. For doing so, divide [-27, 2] into 32 sub intervals with Ax=4xz/32. Since
“Scrollbar” can take only nonnegative integers, enter 0 in C1 and link that cell to “slider” with a
maximum value of 8. The value of a in cell B1 is —2+0.5C1, hence it satisfies our increments.
As we move the “slider”, the values of f are recalculated and plotted. The first few lines of Excel
output and its graph have been shown in next charts.
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1 a|=2+C1T05 1] 1 a|-2 0

2 i X fx) 2 X 1)

30 = 2P| +AIT 4 PIN/32) =§E§1*SIMN(E3) 3 0| -5.29318531| SE-16

4 1 =-2ZPID+ALATPINEZ) =B SINES 4 1| -5.89048623( -0.7654

% -5

NI

H =B

In order to insert a “Scrollbar”, after chart is complete,

Right click somewhere on the Excel’s “Toolbar” and select “Control ToolBox”, or click
on “View” and from the “Toolbars” menu select “Control ToolBox”.

Click on “Design mode” icon in the “Control ToolBox” toolbar and select the scrollbar.
Move the mouse onto the worksheet area, left click and drag to select a small rectangle.
When the mouse button is released, the “slider” will appear.

Right click on the slider and choose properties.

Enter C1 in the “LinkedCell” of the properties dialog box.

Set “Max” equal 8 and “Min” equal zero.

Close the properties dialog box and click on the “Design Mode” icon again to exit.
Moving the “slider” should change the value of C1 and consequently the graph.

To prevent the chart from resizing,

Right click on one of the axis on the chart and choose “Format axis”.
Select “Scale” tab.
Uncheck the first four boxes under “Auto”.

Graphing asin(x) is an example of change in amplitude or stretching, shrinking, or reflection.
The Same procedure can be used to graph sin(bx), change in frequency or stretching/shrinking,
sin(x +¢), phase shift or horizontal translations, and sin(x) +d , vertical translations.

Regression: In modeling, sometimes we need to find the equation of a line that best fits a set
of data. In Excel we have a few options for achieving our goal. First, we can use “Regression”
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command in the “Data Analysis” menu (package) of “Tools”. We can also use “Slope” and
“Intercept” functions to find the slope and intercept of the line of best fit. Third, the slope and
intercept can directly be calculated from the data using the regression equation § =b, +b;x
ny xy—(» x
where b, :% and b,
and-error. That is, let students guess the equation of the line of best fit. Then ask them to
calculate the sum of squared error. The line with smallest sum of squared error is the best among
all the guesses.

=Yy —bX. The last method that we strongly suggest is trial-

Suppose we need to find a line to fit the following data (ordered pair):
{(1,3.5),(2,4.2),(3,4.8), (4,7.5),(5,6.8),(6,7.5)}.
e Enter the data in Excel.
e Plot the data as scattered plot using “Chart” and adjust the appearance of the chart as your
liking. Guess the equation of the line and graph it on the same chart.
¢ Right click on the chart and select “Chart Options”. Click on the “Gridline” tabs and add
the horizontal and vertical gridlines.

In order to add the second line to the graph,

e Right click on the chart and select “Source Data”.
e Choose the “Series” tab and add the second series.
e |In the second series box enter {3, 8}.

A = C D A E | C D
1 Suess an Equation [v = ax+h 1 Suess an Equation |y = ax+b
2 3 b 2 3 b
3 1 2 3 1 2
4 | Actual|™ 4 | Actual Data
] X y oY (Ermes 5 X y i (Em™2
B |1 3.5 =JCF3"AE+5053 |=(BB-CE) B 1 3.5 3 0.25
7|2 4.2 =JCFIAF+50F3  |=(B7-CV)PL b 2 4.2 4 0.04
g |3 4.8 =JCF3AS+5053  |=(BS-Ca) 8 3 4.8 5 0.04
g9 |4 7.0 =FCE"AD+HEDES  |=(B9-COp H 4 7.5 ) 225
10 [5 5.5 =FCH3AI0+5053  |=(B10-C10pm2 10| 5 B.5 7 0.04
11 |6 7.5 =FCEIAI+HIDES  [=(B11-C1 12 M| B 7.5 g 0.25
12 =SUMDE:D11) [ 12 287
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After guessing an equation and plotting it, the predicted y values can be calculated. We can
also calculate the sum of the squared errors for our guess and compare it with sum of the squared
errors for other guesses in class. In our case, we have predicted ¥ =2+ x . Sum of squared errors

can be calculated using excel. Using the regression equation, as mentioned above, and Excel, we
can calculate the slope and the intercept of the equation of the line of best fit.

A | B = D E
1 |:I|:|= 2 |:I1= 1
2| % ¥ ¥ Errord Best fit err'?
3 1 3.5  |=FER1+F0F1"AS =(B3-Capd =([8/3)+H).67 14"A3-B3)"2
4 |2 4.2 [=$BF1+5051A4 =[B4-C4)pd =[(5/3)+H1.58714"A4-B4)"2
5 |3 4.8  [=$BH1+5051AS =(B5-Ca) =((8/3)+1.57 14*A5-B5)"2
B |4 7.5 |=RERTHRDE1 AR =(Bb-Ch)*! =([8/3)+].57 14"AE-BE)"2
7|5 .8 |=%B51+50H1"A7 =(B7-C7 =([8/3)H).567 14"A7-B)"2
8 B 75 |=FER1+EDE1 A =(B5-Co)*! =([8/3)+H).57 14"A5-BE)"2
o =5SUMD3:08) =SUME3.ES)
A, B C 1] E

1 hn: 2 |:I1: 1

2 X ¥ y* | Errard | Best fit err?

3 1 3.5 3 0.25 | 0.001449071

4 2 4.2 4 0.04 | 0.043876284

5 3 4.8 & 0.04 | 0231232751

B 4 7.4 3] 225 | 1.516385135

7 5 B.0 7 0.04 | 0.050026775

g a] 7.5 g 0.25 | 0156077671

H 287 | 2299047893
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A C D
1 X ¥ H Ky
2 1 35 1 35
3| 2 472 4| 84
4| 3 48 ol 144
| 4 75 | 1B 30
E| & 58 25 24
7| B 75 a5 45
B 21| 343 1] 1353
g
10| 1= 35 ¥=|57167
11| &= 06714 4= 2F667
C D
1 X ¥ W Ky
2 |1 35 = =A2n) =AJ*B2
3 |2 42 il =ATD =AT"B3
4 |3 48 =A407 =A47B4
5 |4 75 = AR =A5"BS
E |5 5.8 =AFD =AFBE
7 |5 75 =ATAD =AT*B7
8 [=SUM{AZ:AT)  [=SUM(B2:E7) =SUMC2:C7)  [=SUM(D2:D7)
g
o X = =AR/G ¥ = =Bas
11| &, = =(5*D8-AS B35 CE-A32) bg = =DI0-BI1*BI0

Limits: Suppose we need to find Iirr(l)w numerically by studying the behavior of its graph
x=>0 X

close to zero. We use Excel as follows to create a table and calculate the values of sin x/x close
to zero, approaching from both sides. Excel will calculate sinx for x in radians. If x is in
degrees, it has to be converted to radians. Also, as we realize Excel gives “#DIV/0” for sin0/0.

A E A E
1 X 1 1 X 5
2 |1 =SIN[AZYAZ 2 -1]0.54147095
3 0.1 =SIN(AZIAT 3 0.1 0.99533417
4 [-0.01 =SIN(AL)AL 4 1] 0.99995333
5 |-0.001 =SIN(AS)AS 5 0.007] 0.99995553
B |-0.00001 |=SIN(AB)AG B | -0.00001 1
7 [0 CEINATVAT 7 o] #vil
8 000001 |=SINIABVAS & | 0.00001 1
5 [0.0001  |=SIN(ADYAD g 00001 1
10 |0.001 =SIN(AIDVAID 10 0.001| 0.99999953
11 |0.07 =SIN(AT1AT 11 0.01] 0.99995333
12 (0.1 =SIN(A1Z)ATZ 12 0.1]0.99833417
13 [1 =SIN(AIZ)/ATS 13 1054147095
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Numerical differentiation: Derivative of a function f(x) at a point (a, f(a)), f'(a),
(slope of the tangent line to the graph of f at (a, f(a))) is given by Lirrg((f (a+h)-f(a))/h).

Suppose we need to find the slope of the tangent line to the graph of f(x)=sinx/x at x=x/4.
We can use the limit process to find this value.

A B C D
1 h ath (fiath)-fallh
2 [0 [=10~A2  [=PInM+E2 |=(SINCZYC2- SINIPIGMVIPINAIEZ
3 1 |=10%A3  [=PInM+E3 |=(SINCINCI-SINIPIMVPINMAES
4 2 |=10%Ad  [=PInM+B4 |=(SINCACA-SINPIMEPINMA) B
E [3 |=10%A5  |=PINM+E5 |=(SIN(CE)NCE SINIPIQME PN/ ES
B |4 |=10%AB |=PINM+B6 |=(SIN{CE)CE SIN(PIQMPINMA)ER
75 |[S10%A7  |=PINM+B7 |=(SIN(CT)WCT-SINIPIQMPINA)ET
NG C D

1 h | ath | (fath)-fE)ih

2 0 1] 179]  -0.353085129

3| 1| 01| 089 0259446374

4| 2] o01] 06 0.24736857

5 | 3] 0.001] 079 0.246138935

B | 4] 0.0001] 079  -0.246015714

7 | 5 1E-05] 0.79 -0.24600339

Newton’s Method: When finding exact real solution(s) to an equation, if they exist, is not
possible, Newton’s Method, which takes advantage of derivative and linearization, can be used
to approximate these solutions. Suppose we need to find a zero of f(x) over an interval. The

process starts with an initial guess x, over that interval. If f(x,) is not within the tolerance

level, then the next solution can be approximated by finding the intersection of the tangent line to
the graph of f at (X,, f(x,)) and the x-axis. We can continue the process, if all requirements are

met, recursively until f(x) is close enough to x-axis for it to be called a zero. The equation of
the tangent line to the graph of f at (X,, f (X)) is given by y = f'(x)(x—X,) + f(X;). Solving
f'(%)(X—=%y) + f(X,) =0 (its intersection with x-axis) will results in x =X, — f(x,)/ f'(x,) or,
Xnp1 =X, — T (X)) T7(X,)-
Let f(x)=x>+x—1 then f'(x)=5x"+1. Starting with initial guess x, =0 we create the

following Excel table to find zero of f. As it can be seen, we have our approximation in 4 or 5
steps depending upon the tolerance level.
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A C D A, B C D
1 | Step H fix) %) 1 otep X fix) )
2|0 a =B2"5+B2-1  |=5"B2M +1 2 0 0 -1 1
3 | =E2-02/02  |=B34+B3-1 |=5"BaM+ 3 1 1 1 b
4 |2 =B3-C3/03 [=B4*5+B4-1 [=5"B4~4+1 4 2 0.533333[0.235211 [ 3.411265
5 |3 =B4-C4/D4  |=B5"5+B5-1 [=5"B5"4+1 5 3 0.7R4352 (0025329 | 2. 706916
B |4 =B5-C5/D5  |=BE"5+B6-1 [=5"BG"4+1 ] 4 0.755025 [0.0003586 | 2 624857
7 |5 =BB-C6/D5  |=BE7*5+B7-1 [=5"E7"4+1 7 5 0.7545875 [9.32E-05 | 2 B2355
g |5 =B7-C7/D7 |=B8"a+B8-1 [=5"Ba"4+1 5 ) 0.754575 [5.55E-15 | 2 BZ2359
3 |7 =B3-C8/D8 |=B9"54+B9-1 [=5"B9"4+1 =, 7 0.754878 0 282359

Newton’s Method might fail for some functions: when the initial guess could cause the
process to diverge, derivative at some point is zero, or the initial guess will give a zero which

was not intended.

Newton’s method can also be used to approximate irrational numbers such as 7 and J2.

A C O
1 | Step X fix) )
2 |0 3 =TANBY  |=(1/ACOS(BL)"
3 =B2-CA02 |=TANIBE3) [=(1ACOSEIN"2
4 |2 =B3-CH03 |=TANIEBS |[=(1ACOSEL)2
A |3 =B4-Cc4/D4 =TAN£EIE! =£1I£COSEBE!H@
A, B c D
1 |Step X fix) %)
210 3 -0.142546543 | 1.020313517
3 | 1 [3.139707749150.001584907 | 1.000003553
4 | 2 |3 1415826491 | -4 45454E-09 1
6 | 3 |3 145826536 -1. 22515616 1
A, C D
1 | Step X fix) )
2 |0 1 =F22-2 ——.;;552
3 1 =B2-cA02  |=B372-Y =2"B3
4 |2 =B3-C3/03  |=B42-Y =2"B4
A |3 =B4-c4/04  |=B5"2-Y =2"B5
b |4 =B5-CA/D5  |=BE"2-Y =2"Bb
7 |5 =BB-Ch/DE  |=B7/"2-2 =2"B7
A C ]
1 |Step H fix) %)
210 1 -1 2
3| 1 1.5 0.25 3
4 | 2 | 14166667 | 0.0053444 | 2 83353333
5 | 3 [1.4142157 | BODVE-DG | 2 8254314
B | 4 [1.4142136 | 4 511E-12 | 28284271
f A [ 141421358 a 28284271
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Riemann Sum: The area of a planar region lying between the graph of f(x) and the x-axis

can be approximated by calculating the sum of rectangular areas under the curve and x-axis.
Suppose we need to approximate the area between the graph of f(x), x-axis, x=a, and x=b,

assuming f(x)>0 for all x in [a,b]. The process starts by dividing the interval [a, b] into n
subintervals, that is, the width of each subinterval is given by Ax =(b—a)/n. Then we evaluate
f(a+iAx) , for i=0,1,---,n=1 (if we start with the left-end point of each subinterval,
otherwise, i=1,2,---,n). The approximation to the area then is obtained by adding the area of
all rectangles width Ax and height f(a+iAx) . That is, the approximate area is

> f (@ +iA)AX.

Suppose we need to approximate the area between the graph of f (x) = x?> +1 and x-axis over
the interval [0, 2]. Let n=8. Then Ax=(2-0)/8=1/4. The left-end point, the right-end point,
and the midpoint approximation is given in the following Excel table.

Al e | ¢ | D [EF| G| H | | k| L] MmN
1 a= a b= 2 n= g dv=| 0.25
2
3 Left-end point approximation Right-end point approximation Mid point approximation
4 | n| fix;) Flea el no|lox fl;) fi oy no|low fix;) filw ) ol
5|0 a 1 025 | 1| 025 1.0625| 0.265625| [ O |0.125] 1.015625] 0.2539063
B | 1] 025 1.0625| 0.265625] [ 2 0.5 1.25 03125 | 1 |0.375] 1.140625| 0.2851563
7|2 0.5 1.25 0.3125) | 3 | 075 15625 0.390625| [ 2 |0.B25] 1.390625) 0.3476563
83| 075 1.6625| 0.330526| | 4 1 2 05 [ 3 |0.875] 1.765625) 04414063
9 | 4 1 2 0af [5] 1.25 28625) DB40E25| | 4 | 1.125] 2.265625| 05664063
0] 6 [ 1.25 2.6626) OB40625| | B 1.5 3.26 0.8125( | 5 | 1.375] 2.890625| 07226563
11| B 15 3.25 08126) | 7 | 1.75 4.0625) 1.0158625| | 6 | 1.625] 3640825 09101563
1217 | 1.75 4.0625) 1.015625| | 8 2 ] 1.26| | 7 [1.875] 4.515625(1.1239053
13 41875 51875 4. 65625
14
15 Actuall area=14/3=4 BEE7Y
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A E | ¢ D F G | H | |
1 |a=10 b= 2 = B = =(D1-B1/G1
2
3|, g fx;) fiws ) o n s flx;) fi
4 |0 [=0+84751F51  |=B424+1 [=CA™RIH 1 =0+ 45151 =G4 +H =HA™51%1
5 |1 [=0+A5"51F1  |=B52+1  [=C5™§IH 2 =0+H5"5151 =652+ =H5"§11
b |2 |=0+867%%1  |=B6"2+1  |=CE"HI 3 =0+FE"5IF1  |=GE"2+1 =HE"51%1
£ |3 F0+ATRE =BT =07 4 =0+F7™RIE =67+ =H7™§1F1
g |4 |[=0+A578I51  |=BE*2+1 |=CEYHIH ] =0+F5*5lH1 |=GE<+ =HE"§IH1
9 |5 [F0+A975F1  |=B52+1  [=C5HIH ] =0+F9"51F1 =652+ =HI"51H1
1016 |=0+A10%51F1 [=B10%24+1 |=C1075151 7 =0+F10%5151 [=G1072+1  |=H10"51H1
117 |=0+A1T"51F1  [=B114241 |=C1175151 B =0+F1175151 [=G11%2+1  |=H11751H1
12 ==UMIDA:D11) =aUM4:111)
13
14 Actuall area= 14/3=4 BBE/
| K L t M
2 hlid point Approximation
3| n s fix;) flae; Vel
4 0 [=amatis [=La0 =Mi4*§51
5 1 |=(1/8)+ks 551 [=L52+1 =M5§I51
B |2  |=(1/8+kE"ET  [=LEMH =ME"F1%1
i S e il 1 O S PR =755
g |4 |=(1/8)+kETHET  [=LEM+H =MW" 551
3 |5 [=0/3)+HETEE =09 =M%
106 =018 07551 |=L10%2+1 =M 10"FI%1
117 =085 =112+ =M11"5I%1
12 =SUM{NA:NT T

Increasing the number of subintervals to 100 will refine this approximation to 4.628.

The actual area can obtained analytically by letting the number of subintervals approach

infinity. That is area = lim z f(c;)Ax, where x;_; <c¢; <x;. In addition, ¢;s can be anywhere

n—oo

on the interval [x,_,, x;]. We can take advantage of the Rand() function in Excel to show this

fact.
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A B I ] A B C ]
1 == = =2 1 = 1] = 2
2 |n=|8 du= =(D1-B1)/B2 2| n= a = 0.25
3 3
4 | n % fix) i) 4 [ n X fix;) filw; el
5 [0 |=ASTRDRZHREANDNA =BS5S+ [=FDF2*C5 g 0 | 01735068 1.030105( 025752513
B |1 |=ARTRDRZ+HREANDNMA  |=BE*2+1  [=5D§2"CE 5 1 0.310124] 1.096177| 0.2740442
72 |=ATTRDRZHREANDDMA =B+ (=FD2TCT J| 2 | 0629171 1.280022) 0. 32000556
g (3 |=AFTRDRZHRANDOMA  |=B8v+1  [=5DF2*CE g8 | 3 | 0793943] 1.630346| 040758644
89 |4 [=AFDE2HEANDOM  |=B92+1 =50 CS 9 4 | 1.118665| 22514110 56285253
1015 |=A10"DEZ+RANDOM [=B10%+1 |=5052C10 10( 5 | 1.461582 3136222 | 0.73405546
11 |6 |=ATTDE+RANDOMA [=B11%+1 |=§0F2"C11 11| & | 1.749307) 4.060077( 1.01501913
1217 [FA12RDE2+RANDD/A |=B12924+1 |=5DF2"C12 12 7 | 1.751224) 4 06R785( 1.016E9E13
13 =5SUMID5S: D1 13 4 53773588
14 14 |Actual area=14/3=4 BR7

The Riemann sum relaxes the requirement for the width of subintervals to be the same. The

area can be found by Zin:l f(c;)Ax where X, ; <c; <X and Ax; is the width of ith subinterval.

A, B c ] A, B = ]
1 n g fix;) Fles ol 1 n G fix;) fiw ) ol
21 =RAND =E22+1  |=B2CY 2 1| 002212 1.00049] 0.02213
3 |2 =E2+RANDNM  |=B32+1 |=(B3-BAC3 3 2| 0.08035] 1.00645| 0.05860
4 |3 =BE3+EANDOM  |=B4"2+1 |=(B4-B31C4 4 3| 0.18628) 1.05853( 012041
5 |4 =B4+EANDOM  |=B52+1  |=(B5-B41CS 5 4] 0.43308] 118756 0.25121
B |5 =B5+RANDM  |=BE2+1  |=(BB-B51"CE B 5| 0.55625] 1.30841| DB127
7 |6 =BE+RANDOM  |=B72+1 |=(B7-BEICY 7 Bl 071179 1.60665| 0.23435
g8 |7 =B7+RANDNM  |=B82+1  |=(B5-B71CE 5] 7| 0.538059] 1.70240] 0221501
9 |3 =Ba+RANDNM  |=B92+1  |=(B3-BEICY g ol 1.03244] 206555 040152
10 |9 =B9+REANDDM  |=B10°2+1 |=(B10-BIT 0 10 9| 1.05055] 210365 0.03510
1110 [=B10+RANDDA  [=B11%2+1 [=(B11-B107"C11 11| 0] 1.20447 245074 037721
1211 [=B11+EANDDMA  |=B12%2+1  |=([B12-B117C12 121 1] 138268 2.91179] 0.51891
13 12 |=B12+FANDO/MA  |=B13%2+1 |=(B13-B129"C13 131 12 161744 36B1611] 0.84893
14113 [=B13+RANDDA  [=B14%2+1 [=(BE14-B137C14 14| 13] 179121 4.20844| 0.73131
1514 [=B14+RANDDMA  [=B15"2+1 [=(BE15-B147"C15 15| 14| 1.95220( 4.85022| 0.82931
16 |16 [=B15+RANDDMA  [=B16%2+1  [=(B168-B15"C16 16| 15[ 1.99407( 4.97530| 0.15355
17 area= ==UMIDZ:D1E) 17 area= 4.99585

In our calculation we reach the result with15 subintervals and area of 4.99686.
Monte Carlo Method: The Monte Carlo method relies on the random numbers to
approximate the area of a region between a function f and the x-axis (or another function).

Numerical Calculus with Excel

Habibollah Y. Far



Proceedings of the AMATYC 31st Annual Conference, San Diego, California, 2005, pp. 49-63. 61
American Mathematical Association of Two Year Colleges, http://www.amatyc.org/

Suppose we need to approximate the
area bounded by the graph of
f(x)=e%™ x-axis, x=0, and x=2, as
shown in the opposing graph. That is, we

2
need to evaluate IO e@’gx . First, we

select a random number, x, on [0, 2] and
evaluate f(x) . Next, we select another
random number, X, between 0 and 3. If
f (x) < X, then the selected point is above
the curve, in the rectangular area of size
2x3;

1]

0

023 03

0.73

1 123 1.3

173 2

otherwise, it is under (or on) the curve. The ratio of the number of points under the curve to the
total number of points is the area under the curve. The approximation improves as the number of

selected random points increases.

In Excel, the function Rand() selects a decimal number on [0,1] randomly. Since we are
approximating the area over [0, 2], then we multiply each random number by 2 for x-axis.

Since, we are comparing the area under the curve with the area of the rectangular region of
height 3 then the second selected random number will be multiplied by 3. Next, we use IF
function to decide whether our random points are above or below the curve. Rand() recalculates
every time a function is executed in Excel. After all calculations are done, we can use the Copy,
Paste Special feature of Excel to change all formulae to numeric values (all formulae will be

deleted.)

A B C D E
1 Mo ¥ fix) E Test
2 |1 =RANMD( =ExP({(1-B2)"3) =3FRAND( =IF(C2«=0201)
3 |=AZH =2"RAND( =ExP{(1-B3)3) =3"RAND{ =IF(C3==03,01)
4 |=A3+H =2"RANMD( =ExP{(1-B4)"3) =3"RAMD( =IF(C4==D4 0.1}
5 |=A4+1 =2"RANMD( =ExP{(1-B5)3) =3"RAMD( =IF(C5==0501)
B |=A5+ =2"RANMD( =ExP{(1-BE)"3) =3"RANMD( =IF(CE==0E01)
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In our calculations, the number of points A B C D E
under the curve (or on the curve) were 36 which | 1 | Mo X fx) X Test
gives us the area of 6(36/100)=2.16 . The | 2 1]1.242085[0.985912 | 1.448012 D
Maple approximates the area as 2.1494. QI ML N NIEE R

4 3 1.193031] 0.992533[ 1.763505 0
5 410679147 1.033582| 0.489309 1
or Jgfb:\:g?ttfi;:rilﬁem?EOd can also be used J-E-—15 5513141 2 11766] 1 622e92] 1
) 7 B| 0162079 1.80095) 0.299494 1
a 71131102 0.970362 | 2.930291 ]
=)
10
11 . . . . .
12| 100]1.998253[0.3698039) 1.903093 0
13 [Mumber of points under curve 36

Euler’s Method (Numerical Differential Equations): Euler’s Method, as Newton’s
Method relies on linearization to approximate the solution y of a differential equation (initial
value problem) y'= f(x,y) with initial condition y(x,)=Y, at some x. The equation of the

tangent line to y at (X, Y,), using a very small increment dx, is given by y =y, + f (X, ¥p)dX.
Recursive calculations of (x;, y;) will approximate y = y(x).

Suppose we need to approximate the solution of y'=y—e®*, with y(0)=1, dx=0.25 at

X=2.

We use Excel to approximate y; and compare it with exact solution y = —e2* 4 2e*

A B o

1 X y [Euler) y [Excat)

2|0 1 =-EXP2 AN+ EXPIAD)
3 1025  [=E2HB-EXPTAMTM.2S  |=-ERXPZFAIHIERPAT)
4 |08 [=BIHBEI-EXPFAINT.2S  |=-ERPZTAN+IERPAL
6 075 [=B4HBA-EXPTANT2S  |=-ERP2*AR+ERPIAS)
B |1 =B5+HES-EXP2TASI.25  |=-BEXPZ AR+ EXPAR)
7125 [=BEHBBE-EXP2FARNT.2E  |=-EXP2*AT+ERPIAT
g8 1.5 |=EFHEV-EXPTANM.2S  |=-EXPEFAR+IERPIAS)
89 1175 [=BE+HBS-EXP*ARTM.25  |=-EXP2*AR+ERPAY)
10 [2 =B9+B9-EXPZ"AIT.2E  |=-EXPLAID+2"EXPATD)

A B [

1 X y [Euler) y [Excat)

2 a 1 1
3| 05 1] 0919329563
4 0.5| 0837519652 0579160713
6 | 075 0.367704146| -0.24768504
2] 1| -0.BE07Z209| -1.95249244
7| 125 -ZR73EE413] 520180805
5] 1.5] B.35719115] -11.1221558
8 | 1.75] -13.0053732| -21. 6062456
10 2| -245355795| -38.8200375
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The Euler’s method results in —24.5358, where y(2) =-39.82. We can also look at their
graphs.

\ \ — v (Euler)
0 — vy (Excat)

Conclusion: Excel is a great tool for calculation and presentation in teaching numerical
calculus. In addition to its use in any of the methods mentioned above, it can be used for other
numerical calculus techniques such as volume, arc length, line integral, etc. It can also be used
in Statistics and Finite Math classes.
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