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Negative and imaginary work?   Negative and imaginary work?   
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Applying Applying imaginary workimaginary work

� z2 = x2 + y2 32 + 42 = 52 .     .     .

� z is odd  and  z2 = (x – yi)(x + yi)

� gcd(x – yi, x + yi) = 1

x + yi = µ(a + b i)2 µ ∊ {±1, ±i}

gcd(x – yi, x + yi) = 1

� x + yi = µ(a + b i)2 µ ∊ {±1, ±i}

� x = ± (a2 – b2),   y = ±2ab,    z = ±(a2 + b2)

� gcd(a, b) =1      & a  and b not both odd



Cubic polynomials Cubic polynomials 



Cubic polynomialsCubic polynomials
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Almost confidential workAlmost confidential work
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Double volume? Double volume? 

�

x
�

1 x

x3 – 2 = 0



Linear, quadratic, and cubic polynomialsLinear, quadratic, and cubic polynomials

� Physical Geometric Algebraic

� Ruler Straight Line ax + by = c

� Compass Circle x2 + y2 =r2

� 3 is not a factor of 2n .  

Therefore, the equation 

Compass Circle x + y =r

� 3 is not a factor of 2n .  

� Therefore, the equation 

� x3 = 2

� is not compass-ruler solvable



SolvabilitySolvability by Radicalsby Radicals

The general  polynomial equation of 
degree > 4 is not solvable by radicals

Niels H. Abel (1802-1829)

The general polynomial equation is 
solvable by radicals if and only if its 

Niels H. Abel (1802-1829)

The general polynomial equation is 
solvable by radicals if and only if its 

Galois group is solvable

Evariste Galois (1811-1832)



ExamplesExamples

1. f(x) = x3 – 2  is irreducible over Q .

2. Its Galois group G is a subgroup of S3. 

3.   |G| ≥ 3 and G contains a transposition.  So, G ≅ S3. 

4. < (1) >  ⊲  <(123)>  ⊲  S

3.   |G| ≥ 3 and G contains a transposition.  So, G ≅ S3. 

4. < (1) >  ⊲  <(123)>  ⊲  S3

5. <(123)>  and  S3/<(123)>  are commutative.

Therefore, x3 – 2 is solvable by radicals



f(x) = xf(x) = x55 –– 10x10x44 + 2x+ 2x33 –– 24x24x22 + 998+ 998

1. f(x) is irreducible over Q.

2. f(x) has exactly three real roots.  

3. Its Galois group G contains a transposition.

4. Its Galois group G contains a 5-cycle. 

2. f(x) has exactly three real roots.  

3. Its Galois group G contains a transposition.

4. Its Galois group G contains a 5-cycle. 

5. G ≅ S5 which is not a solvable group. 

Therefore, f(x) is not solvable by radicals.



FundamentalFundamental Theorem of AlgebraTheorem of Algebra

� Every polynomial in K[x] can be written in the form

� f(x) = c(x – a1)(x – a2)  .  .  .  (x – an ) 

� for some c, a1 , a2 ,  .  .  .  , an ∊ K.  Furthermore, this 
representation is unique, apart from the order of 
factors.

� for some c, a1 , a2 ,  .  .  .  , an ∊ K.  Furthermore, this 
representation is unique, apart from the order of 
factors.

� Gauss (1777 – 1855)



Example:   f(x) = Example:   f(x) = xxnn –– 1 1 



Example:   f(x) = Example:   f(x) = xxnn –– 1 1 
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Roots of  xRoots of  x3 3 + x+ x2  2  –– 4x 4x –– 4?4?



Roots of  xRoots of  x3 3 + x+ x2 2 –– 4x 4x –– 4?4?



Roots of  xRoots of  x4 4 –– xx3 3 –– 7x7x2 2 + x + 6?+ x + 6?



Roots of  xRoots of  x4 4 –– xx3 3 –– 7x7x2 2 + x + 6?+ x + 6?



Roots of  xRoots of  x4 4 + x+ x3 3 + x+ x2 2 + x + 1?+ x + 1?



Roots of  xRoots of  x4 4 + x+ x3 3 + x+ x2 2 + x + 1?+ x + 1?



Complex roots of  xComplex roots of  x4 4 + x+ x3 3 + x+ x2 2 + x + 1+ x + 1



Complex roots of  xComplex roots of  x4 4 + x+ x3 3 + x+ x2 2 + x + 1+ x + 1
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R=uR=u44––6u6u22vv22+v+v44+u+u33––3uv3uv22+u+u22 ––vv22 +u+1+u+1



R=uR=u44––6u6u22vv22+v+v44+u+u33––3uv3uv22+u+u22 ––vv22 +u+1+u+1



uu4 4 -- 6u6u22vv2  2  + v+ v4  4  + u+ u3 3 -- 3uv3uv2  2  + u+ u2 2 -- vv2 2 + u + 1 = 0+ u + 1 = 0



uu4 4 -- 6u6u22vv2  2  + v+ v4  4  + u+ u3 3 -- 3uv3uv2  2  + u+ u2 2 -- vv2 2 + u + 1 = 0+ u + 1 = 0



I = 4uI = 4u33v v -- 4uv4uv3 3 + 3u+ 3u22v v -- vv3 3 + 2uv + v+ 2uv + v



4u4u33v v -- 4uv4uv3 3 + 3u+ 3u22v v -- vv3 3 + 2uv + v = 0+ 2uv + v = 0



4u4u33v v -- 4uv4uv3 3 + 3u+ 3u22v v -- vv3 3 + 2uv + v = 0+ 2uv + v = 0



Re(u, v) = Re(u, v) = ImIm(u, v) = 0(u, v) = 0



Roots Roots ofof f(x) = xf(x) = x4 4 + x+ x3 3 + x+ x2 2 + x + 1+ x + 1

i59.081.0 +−

i95.031.0 +

i59.081.0 +−

i95.031.0 −



Roots of  xRoots of  x66 + x+ x55 + x+ x4 4 + x+ x3 3 + x+ x2 2 + x + 1?+ x + 1?



R = R(u, v)R = R(u, v)



Re(u, v) = 0Re(u, v) = 0



ImIm = = ImIm(u, v)(u, v)



ImIm(u, v) = 0(u, v) = 0



Roots: Re(Roots: Re(u,vu,v) = ) = ImIm((u,vu,v) = 0 ) = 0 



Polynomial Prime ValuesPolynomial Prime Values
� f(x) = x2 + x + 41 is  prime for x = ±1, ±2, . . . , ±39

� f(40) = 412

� There is no non-constant polynomial f(x), with 

integer coefficients, such that f(x) is prime for all x.

There is no non-constant polynomial f(x), with 

integer coefficients, such that f(x) is prime for all x.

� f(x) = ax + b is prime infinitely many times                   

if  gcd(a, b)=1    Dirichlet (1837)    



Polynomials Have PrimePolynomials Have Prime--Rich ImagesRich Images

� Given  a polynomial f(x) and a positive integer n,

� f(b) is divisible by n distinct prime factors for an 

infinite number of values b.

f(b) is divisible by n distinct prime factors for an 

infinite number of values b.

� f(b) is divisible by pn, p a prime, for an infinite 

number of values b.



Square Rich Polynomials Square Rich Polynomials 

� ax + c is square-rich ⇔ c ∈ Za
2

� x2 + bx + c is square-rich ⇔ f(x) = (x – h)2

� ax2 is square-rich ⇔ a ∈ Z2

ax2 + c is not square-rich ⇐ a ∈ Z2

ax2 is square-rich ⇔ a ∈ Z2

� ax2 + c is not square-rich ⇐ a ∈ Z2

� ax2 + c is not square-rich ⇐ a ∉ Z2 & c ∉ Za
2

� ax2 + c is either square-rich

or drastically poor      ⇐ a ∉ Z2 & c ∈ Za
2



Substitution  polynomials: f(x)Substitution  polynomials: f(x)--f(y)f(y)



Substitution  polynomials: f(x)Substitution  polynomials: f(x)--f(y)f(y)
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SubstitutionSubstitution Polynomials  Polynomials  

� (x – y) | (f(x) – f(y)) 

� (g(x) – g(y)) | (f(x) – f(y))  ⇔  f(x) = G(g(x))

� f(x) – f(y) = (linear factors)(non-linear factors)  

⇒  linear factors = x – y ,  f(x) = G(x )

� f(x) – f(y) = (linear factors)(non-linear factors)  

� ⇒  linear factors = xm – ym ,  f(x) = G(xm)

� Product of quadratic factors?



Product of Product of xyxy--quadratic irreducible factorsquadratic irreducible factors
(odd degree)(odd degree)



Product of Product of xyxy--quadratic irreducible factorsquadratic irreducible factors
(odd degree)(odd degree)
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Product of Product of xyxy--quadratic irreducible factorsquadratic irreducible factors
(even degree)(even degree)
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Back to the famous and popular  Back to the famous and popular  xxnn –– 11
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Back to the famous and popular  Back to the famous and popular  xxnn –– 11
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CyclotomicCyclotomic FieldsFields
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CyclotomicCyclotomic FieldsFields
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Anatomy of RAnatomy of Rdd(x)(x)
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