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The Essence of an Activity:

Break up into small groups of approximately 6 to 8.  Each group will be their own population.  We now would like to for committees of size n = 2.  We could think about this as requiring each person to shake hands exactly once with every other person in the population.  Then each hand shake will be between a pair of people and that pair will represent one of the many possible samples of size n = 2.  To do this, pick a person to start and ask that person to shake hands with every person in the population.  While doing this, this first person should record his or her name next to each person he or she shakes hands with, e.g. Bill-Mary, Bill-Tom, Bill-Yolanda, etc.  We should repeat the process for the next person making sure that that person does not shake hands again with anyone he or she has already had a hand shake.  Once you have all samples of size 2, record the proportion of women in each sample of size 2 and record the age for each person.  Now find the average of each two person committee.  

	Student
	Sex
	    Note The population consists of N = 7 Students and the proportion of women is p = 2/7.








	Nina
	F
	

	Sachi
	F
	

	Tom
	M
	

	Frank
	M
	

	Justin
	M
	

	Dan
	M
	

	Austin
	M
	




	X1
	X2
	

	
This is called the Sampling Distribution of . 

There are 21 possible samples of size 2.


The number could have been anticipated using


Note the average value of all the ’s is 6/21 = 2/7.



















	Nina
	Sachi
	1
	

	Nina
	Tom
	0.5
	

	Nina
	Frank
	0.5
	

	Nina
	Justin
	0.5
	

	Nina
	Dan
	0.5
	

	Nina
	Austin
	0.5
	

	Sachi
	Tom
	0.5
	

	Sachi
	Frank
	0.5
	

	Sachi
	Justin
	0.5
	

	Sachi
	Dan
	0.5
	

	Sachi
	Austin
	0.5
	

	Tom
	Frank
	0
	

	Tom
	Justin
	0
	

	Tom
	Dan
	0
	

	Tom
	Austin
	0
	

	Frank
	Justin
	0
	

	Frank
	Dan
	0
	

	Frank
	Austin
	0
	

	Justin
	Dan
	0
	

	Justin
	Austin
	0
	

	Dan
	Austin
	0
	





Population:
Random Variable: X
Size : N

Mean; 

Variance: 

Stan. Dev.: 


Proportion:  

Sampling Distribution for Samples of Size n Picked With Replacement:


Random Variable:  (Sampling Distribution of )

Size of Sampling Distribution: 



Mean;   (is an unbiased estimator of the population mean )

Variance: 

Stan. Dev.: 


Random Variable:  (Sampling Distribution of )



Mean;  Note: is an unbiased estimator of the population variance .


Random Variable:  (Sampling Distribution of )





Mean;  Note: is biased unbiased estimator of the population standard deviation  which usually under estimates  .


Random Variable:  (Sampling Distribution of)



Mean;   (is an unbiased estimator of the population mean )

Variance: 

Stan. Dev. 


Sampling Distribution for Samples of Size n Picked Without Replacement:


Random Variable:  (Sampling Distribution of )

Size of Sampling Distribution: 



Mean;   (is an unbiased estimator of the population mean )

Variance: 

Stan. Dev.: 


Random Variable:  (Sampling Distribution of )



Mean;  Note: is a biased estimator of the population variance .

  (Note: This was derived empirically so it could be false, but it is probably true.)


Random Variable:  (Sampling Distribution of )





Mean;  Note: is biased unbiased estimator of the population standard deviation  which usually under estimates  


Random Variable:  (Sampling Distribution of)



Mean;   (is an unbiased estimator of the population mean )

Variance: 

Stan. Dev. 

Why do we use n in the population variance and n – 1in the sample variance?


The answer is that by using n – 1 we get an unbiased estimator of  or .


Note: , so S is a biased estimator of 




Definition of unbiased: We say that a statistic  is an unbiased estimator of  if .



Here is a brief summary of the mathematics showing that is an unbiased estimator of 

Rules for Expectations:









Let’s look at:



Now let’s look at








When do we use the Finite Population Correction Factor?




Let ,  then




Now w, represents the proportion of the population we are sampling.

	

	

	

	  

  Now we are usually interested in the standard deviation  and one can see that the finite population correction factor only makes a difference when w represents  between 5% and 10% of the population.  In other words when 


 or perhaps when .

	0.01
	0.99
	0.995
	

	0.02
	0.98
	0.990
	

	0.03
	0.97
	0.985
	

	0.04
	0.96
	0.980
	

	0.05
	0.95
	0.975
	

	0.06
	0.94
	0.970
	

	0.07
	0.93
	0.964
	

	0.08
	0.92
	0.959
	

	0.09
	0.91
	0.954
	

	0.10
	0.90
	0.949
	

	0.11
	0.89
	0.943
	

	0.12
	0.88
	0.938
	

	0.13
	0.87
	0.933
	

	0.14
	0.86
	0.927
	

	0.15
	0.85
	0.922
	






An Example:

Consider the weights of  N = 6 males taking calculus 3.

	Population - Calculus 3 Males

	Mean
	
192

	Variance (Population)
	
781.67

	Stan. Dev. (Population)
	
27.96

	 
	Student
	X

	Observation
	Weight
	Weight

	1
	A
	140

	2
	B
	180

	3
	C
	190

	4
	D
	205

	5
	E
	207

	6
	F
	230



	Sampling Dist. of  Three Statistics With Replacement
	








	Mean
	192.00
	781.67
	24.44
	

	Variance (Population)
	260.56
	 
	 
	

	St.Dev. (Population)
	16.14
	 
	 
	

	Sample
	X1
	X2
	X3
	x-bar
	Sx^2
	Sx
	

	1
	140
	140
	140
	140.00
	0.00
	0.00
	

	2
	140
	140
	180
	153.33
	533.33
	23.09
	

	3
	140
	140
	190
	156.67
	833.33
	28.87
	

	4
	140
	140
	205
	161.67
	1408.33
	37.53
	

	5
	140
	140
	207
	162.33
	1496.33
	38.68
	

	6
	140
	140
	230
	170.00
	2700.00
	51.96
	

	7
	140
	180
	140
	153.33
	533.33
	23.09
	

	∙
	∙
	∙
	∙
	∙
	∙
	∙
	

	∙
	∙
	∙
	∙
	∙
	∙
	∙
	

	∙
	∙
	∙
	∙
	∙
	∙
	∙
	

	214
	230
	230
	205
	221.67
	208.33
	14.43
	

	215
	230
	230
	207
	222.33
	176.33
	13.28
	

	216
	230
	230
	230
	230.00
	0.00
	0.00
	











	Sampling Dist. of  Three Statistics Without Replacement
	

















	Mean
	192.00
	938.00
	28.23
	

	Variance (Population)
	156.33
	 
	 
	

	St.Dev. (Population)
	12.50
	 
	 
	

	Sample
	Y1
	Y2
	Y3
	y-bar
	Sy^2
	Sy
	

	1
	140
	180
	190
	170.00
	700.00
	26.46
	

	2
	140
	180
	205
	175.00
	1075.00
	32.79
	

	3
	140
	180
	207
	175.67
	1136.33
	33.71
	

	4
	140
	180
	230
	183.33
	2033.33
	45.09
	

	5
	140
	190
	205
	178.33
	1158.33
	34.03
	

	6
	140
	190
	207
	179.00
	1213.00
	34.83
	

	7
	140
	190
	230
	186.67
	2033.33
	45.09
	

	8
	140
	205
	207
	184.00
	1453.00
	38.12
	

	9
	140
	205
	230
	191.67
	2158.33
	46.46
	

	10
	140
	207
	230
	192.33
	2186.33
	46.76
	

	11
	180
	190
	205
	191.67
	158.33
	12.58
	

	12
	180
	190
	207
	192.33
	186.33
	13.65
	

	13
	180
	190
	230
	200.00
	700.00
	26.46
	

	14
	180
	205
	207
	197.33
	226.33
	15.04
	

	15
	180
	205
	230
	205.00
	625.00
	25.00
	

	16
	180
	207
	230
	205.67
	626.33
	25.03
	

	17
	190
	205
	207
	200.67
	86.33
	9.29
	

	18
	190
	205
	230
	208.33
	408.33
	20.21
	

	19
	190
	207
	230
	209.00
	403.00
	20.07
	

	20
	205
	207
	230
	214.00
	193.00
	13.89
	






Why is choosing the best R2 a dubious procedure?

Choosing a Model – Suggestions and Pitfalls – An Example:
	

Determine if there is a relationship for the data given on the right.

Is this how some of our students view the numbers we give them?

This data display is meant in jest, so let’s look at it in its usual form.
____ |___
14     |    7
19     |    3
19     |    1
12.5  |    6
17     |    2
	[image: ]



This data is real data.  The first column represents the asking price of a Ford Mustang (non-convertible) in thousands of dollars and the second column gives the corresponding age of the vehicle in years.

	Price
	Age

	14
	7

	19
	3

	19
	1

	12.5
	6

	17
	2



Sorting the data with the explanatory variable on the left yields: 

	Age
	Price

	1
	19

	2
	17

	3
	19

	6
	12.5

	7
	14

	Is there a relationship between asking price and age?

The first step in answering this question should always be:
Plot the data

The second step should  be answer the question:
Does the plot show a relationship?

The third step should be answer the question:
If yes, is it linear or curvilinear?
	


	The relationship appears linear and the line of best fit is: 



	









Let’s put the practice of simply choosing the best R2 to rest.  Here are the values of R2 for four polynomial models, linear, quadratic, cubic and quartic, along with the corresponding regression equations.

	Model
	Value of R2
	

	Linear
	76.4%
	


	Quadratic
	76.6%
	


	Cubic
	83.6%
	


	Quartic
	100%
	




Let’s look at the graphs of these functions:

	

	


	

	[image: ]



In our example, the value of R2 increased each time we added another term to our model.  The quartic model had an R2 = 1 so by the best R2 approach this must be le best model.  This is lunacy, from the scatter plot the data looks linear, but the linear model does not fully explain the expected behavior of the two variables.  One would expect the asking prices to eventually level off, so if we had more data we would expect a model that eventually levels off and approaches zero.  What model has this behavior.  We will see later one when we look at additional data that the exponential model is the best one to fit the behavior of these two variables, but it will not have the best value of R2.

Regression Facts:
Fact 1: As one adds more terms to the regression model, the value of R2 tends to increase.  In fact a polynomial of degree n – 1 will always fit n data points exactly with R2 = 1.
Fact 2: If one were to simply use the best R2 among the linear and polynomial regression equations given by the calculator, one would always (perhaps almost always) choose the quartic model.  This makes no sense.

Principle 1: 
R2 should be used as a guide but not a God.  One should never use simply the best value of R2 to choose a model.  The model chosen should be as simple as possible and it should reflect the pattern observed in the scatter plot and the expected behavior of the two variables being compared.  Once the type of relationship has been decided on, then the value of R2 can be used to assess the strength of that relationship.

Principle 2: 
A simpler model is always preferable to a more complicated model.  One should never choose a cubic or quartic model when a simpler quadratic model does almost the same job.  In multiple regression where one has many X variables to choose from, a simple rule of thumb is never add a variable to the model unless it increases the value of R2 by at least 5%.  A simpler model, few variables, is always preferable to a more complicated one unless there is a substantial gain from the more complicated one.  Choosing variables in multiple regression is much more complicated than just looking at the values of R2.  Choosing the best model in multiple regression is outlined in the appendix.
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